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l  ABSTRACT 

1  The  Conley  index  is  an  extremely  useful  tool  for  the  study  of  structural 
properties  of  isolated  invariant  sets  such  as  critical  points  or  periodic 
solutions  in  local  flows.  The  continuation  theorem  shows  that  the  properties 
of  the  flow  which  are  described  by  the  Conley  index  are  among  those  which  are 
invariant  under  perturbations.  This  is  a  fact  of  great  interest  in  many 
applications. 

Most  of  the  results  in  the  present  paper  are  not  new.  The  object  of  this 
work  is  to  give  a  self-contained  presentation  of  most  of  the  basic  concepts 
and  theorems  in  the  index  theory  for  flows  which  can  otherwise  only  be  found 
in  a  number  of  different  papers.  Moreover,  we  have  simplified  a  number  of  the 
complicated  proofs. ^ 
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CONNECTED  SIMPLE  SYSTEMS  AND  THE  CONLEY  INDEX  OF  ISOLATED  INVARIANT  SETS 


Dietraar  Salomon 


1 .  INTRODUCTION 

Some  dynamical  processes  in  physics,  chemistry  and  biology  can  be  described  by 
differential  equations  depending  on  parameters  which  cannot  be  determined  with  an 
arbitrary  degree  of  precision.  For  the  study  of  such  systems  it  is  important  to  determine 
those  structural  properties  which  remain  invariant  under  (small)  perturbations.  Many  of 
these  properties  can  be  described  in  terms  of  an  index  theory  which  has  been  developed  by 
CONLEY  [3].  Although  the  basic  ideas  have  been  developed  over  many  years,  complete  proofs 
for  some  of  the  central  theorems  are  only  recently  available  (see  e.g.  KURLAND  [6],  [7], 
[8],  CONLPY-ZEHNDER  [4],  FRANZOSA  [5]). 

The  object  of  this  paper  is  to  give  a  coherent  presentation  of  the  basic  results  in 
the  index  theory  of  isolated  invariant  sets.  Most  of  the  theorems  in  this  paper  are 
known,  however  the  available  proofs  are  widely  spread  in  the  literature  and  much  more 
complicated. 

In  two  preliminary  sections  we  collect  some  elementary  notions  and  results  from 
homotopy  theory  (section  2)  and  from  the  general  theory  of  flows  on  topological  spaces 
(section  3).  In  the  main  part  of  this  paper  we  introduce  the  fundamental  concepts  in  the 
index  theory  for  isolated  invariant  sets  ( section  4  > ,  prove  the  existence  and  uniqueness 
of  a  long  coexact  sequence  associated  with  an  attractor-repeller  pair  (section  5)  and 
establish  the  basic  continuation  results  for  the  Conley  index  (section  6). 

The  starting  point  for  this  work  was  an  essential  simplification  of  the  proof  that 
any  two  index  pairs  for  a  given  isolated  invariant  set  are  homotopically  equivalent  after 
collapsing  the  exit  set  (Lemma  4.7).  This  result  allows  a  very  simple  proof  of  the  fact 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 .  This  material  is 
based  upon  work  supported  hy  the  National  Science  Foundation  under  Grant  No.  MCS-8210950. 


that  the  Conley  index  of  an  isolated  invariant  set  is  a  connected  simple  system  (Lemma  4.6 
and  Theorem  4.10)  and  leads  to  further  simplifications  in  the  sections  5  and  6. 

A  unique  coexact  sequence  for  an  attractor-repeller  pair  can  be  obtained  in  two 
steps.  The  first  step  is  to  show  that  any  index  pair  can  be  transformed  into  an  NDR-pair 
(section  5.1)  so  that  general  results  from  homotopy  theory  can  be  applied  to  obtain  the 
existence  of  a  long  coexact  sequence  of  index  spaces.  The  second  step  is  then  to  show 
that  all  the  maps  in  this  sequence  induce  morphisms  of  connected  simple  systems  which  are 
independent  of  the  choice  of  the  index  pair  (Theorem  5.7). 

In  section  6  we  begin  with  some  general  results  on  parametrized  local  flows  X  x  A 

and  in  particular  we  make  precise  what  we  mean  by  a  continuous  family  o(A)  of  isolated 

invariant  sets  in  X  x  A  (section  6.1).  The  continuation  theorem  is  then  phrased  for 

such  a  family  o(A)  and  consists  of  three  parts.  The  first  part  is  to  show  that  the 

injection  map  of  an  index  space  for  0(A)  in  X  x  A  into  the  corresponding  index  space 

for  the  global  isolated  invariant  set  S  =  U  0(A)  in  X  x  A  induces  a  morphism  between 

AeA 

connected  simple  systems  which  is  independent  of  the  choice  of  the  index  pair  (Proposition 
6.5).  The  second  step  is  to  show  that  this  injection  map  is  locally  a  homotopy 
equivalence  and  the  corresponding  morphism  of  connected  simple  systems  therefore  an 
isomorphism  (Theorem  6.7).  This  local  result  allows  a  global  continuation  of  the  Conley 
index  in  every  compact  connected  component  of  the  parameter  space  A  by  means  of  a 
sequence  of  compact  subsets  of  A  to  each  of  which  the  local  continuation  theorem 
applies.  However,  different  seouences  may  lead  to  different  identifications  between  "far 
away"  index  spaces.  We  show  that  any  two  of  these  connecting  equivalences  between  index 
spaces  are  infact  homotopic  if  A  is  simply  connected.  This  means  that  the  "global 
Conley  index"  1(0, X, A)  consisting  of  the  index  spaces  for  0(A)  in  X  x  A  together 
with  the  above  connecting  equivalences  is  a  connected  simple  system  provided  that  A  is 
simply  connected  (Theorem  6.6).  finally,  things  are  put  together  to  obtain  a  long  coexact 
sequence  for  the  global  Conley  index  associated  with  an  attractor-repeller  pair  in  the 
case  that  A  is  simply  connected  (Theorem  6.10). 


2.  HOMOTOPY  THEORY 


In  this  preliminary  section  we  recall  some  basic  concepts  and  results  from  homotopy 
theory.  He  will  work  in  the  category  of  pointed  topological  spaces  and  continuous,  base 
point  preserving  maps.  In  order  to  avoid  unnecessary  complications,  we  will  assume  that 
all  the  spaces  under  consideration  are  metrizable  and  therefore  in  particular  compactly 
generated,  standard  references  are  SPANIER  [12}  and  WHITEHEAD  [13]. 

For  any  pair  (X,A)  of  topological  spaces  with  A  (_  X  we  denote  by 

X/A  «  <(X\A>  U  [A),  [A)} 

the  pointed  space  which  is  obtained  by  collapsing  A  to  a  single  point  denoted  by  [A} . 

A  set  U  C  X/A  is  open  if  either  U  is  open  in  X  and  U  f,  A  •  ft  or  the  set 

(U  fi  (x\a)  )  U  A  is  open  in  X. 

For  any  two  pointed  (metric)  spaces  (X,x0)  and  (Y,y0)  the  product  space  X  *  Y 
is  understood  as  a  pointed  space  with  base  point  (XQ,y0>.  Furthermore,  we  denote  the  sum 
and  the  smash  product  of  X  and  Y  by 

X  VY=Xxy0  UxQ  X  Y  C  X  X  Y  , 

X  A  Y  a  X  X  Y/X  V  Y  . 

For  any  two  maps  f  :  X  -*  X  * ,  g:  Y  ♦  Y*  between  pointed  spaces  the  sum 

f  v  g  :  X  v  X'  +YVY*  and  the  smash  product  fAgsXAX'  +  Y  A  y'  are  defined  in  an 
obvious  manner.  The  (unique)  constant  map  between  pointed  spaces  (X,x0)  and  (W,w0) 
will  always  be  denoted  by  c  :  X  +  W,  c(x)  *  w0  for  all  x  e  X,  and  the  identity  map  by 

1X  :  X  ♦  X  or  simply  1  :  X  ♦  X. 

The  suspension  EX  of  a  pointed  space  (X,Xq)  is  defined  by 


Hence  Ex  =  X  A  E1  where  E1  =  [0,1] /{ 0,1}  is  the  pointed  circle.  The  pointed  n-sphere 
is  given  by  En  =  EZn  1  =  E1  A  ...  A  Z1  (n  times).  The  suspension  Eqi  of  a  map 
q)  s  X  ♦  Y  between  pointed  spaces  is  defined  by  E<j>  «  tp  a  1  :  Ex  ♦  EY. 

For  any  two  pointed  spaces  (X,xg)  and  (W,wg)  we  denote  by  [XjW]  the  set  of 
homotopy  classes  of  continuous,  base  point  preserving  maps  from  X  to  W.  Then  [X;W] 
is  a  pointed  set,  the  distinguished  point  being  the  class  of  the  constant  map.  We  denote 
by  [f ]  the  homotopy  class  of  the  continuous,  base  point  preserving  map  f  :  X  *  W  and 
by  [X]  the  homotopy  type  of  the  pointed  space  X.  If  two  maps  fg  s  X  ♦  W  and 
f^  s  X  ♦  W  are  homotopic  we  denote  this  by  fg  ~  f^. 

For  any  two  pointed  spaces  (X,xg),  (Y,y0)  and  any  continuous,  base  point  preserving 
map  i£  :  X  +  Y  the  mapping  cone  T^  is  given  by 


T^  -  X  x  [0,1]  Y/X  x  0  0  xQ  x  (0,1] 


where  the  topological  space  X  x  [0,1]  ll^  Y  is  obtained  from  the  disjoint  union  of 
X  X  [0,1]  and  Y  by  identifying  the  pair  (x,1)  e  X  x  [0,1]  with  <fi(x)  e  Y  for  every 
x  e  X.  Note  that  there  is  a  natural  injection  of  Y  into  T^.  The  importance  of  this 
concept  is  based  upon  the  following  simple  observation 


REMARK  2.1 

Let  :  X  *  Y  and  g  :  Y  ♦  W  be  continuous,  base  point  preserving  maps  between 
pointed  spaces.  Then  gO<p~csX  +  W  if  and  only  if  the  following  lifting  problem  has 


a  solution 


Now  let  (X,x0),  (Y,y0),  <W,w0)  be  pointed  spaces  and  let  :  *  ♦  *  b«  • 

# 

continuous,  base  point  preserving  map.  Then  the  induced  map  <P  i  [Y|W]  ■*  tX i W)  is 
defined  by  <p# [gj  -  [g  o  <p]  for  tgl  B  [YiW].  The  sequence 


(2.1) 


JU  Y  JU 


of  continuous,  base  point  preserving  maps  between  pointed  spaces  is  said  to  be  coexact  if 
for  every  pointed  space  (W,wg)  the  induced  sequence 


[X;W] 


(Y  )W]  «■* —  tZ|W) 


#  # 

is  exact.  This  means  that  her  <p  «  range  ♦  where 


ker  <P#  -  { [gl  e  (Y,W5  |g  o  (|i~  c  :  X  +  *) 


range  i(i*  “  { [h  O  i>]  B  {Y|H]  |  th)  B 


Choosing  W  -  Z  and  h  -  1z  or,  respectively,  W  -  and  g  -  j  s  Y  the 

canonical  injection,  we  obtain  the  following  useful  characterisation  for  the  sequence 
(2.1)  to  be  coexact. 


PROPOSITION  2.2 

The  sequence  (2.1)  is  coexact  if  and  only  if  the  following  two  conditions  are 
satisfied. 


(j)  10|('C!X*Z, 


i.e.  the  lifting  problem 


f, 


T 


<9 


/ 


J* 

s 


has  a  solution. 

(ii)  There  exists  a  map  h  :  Z  ♦  such  that  h  o  ♦  ~  j  :  Y  T  ,  j  being  the 
canonical  injection  of  Y  into  T^. 

Now  let  the  pointed  space  (X,xQ)  be  a  closed  subspace  of  (Y,Xq),  let  l  !  X  ♦  Y 
denote  the  canonical  injection  and  n  :  Y  ♦  YA  the  canonical  projection  map,  and 
consider  the  sequence 

(2.2)  X  — - - ►  Y  — - - ►  Y/X  . 


Then  «  o  i  -  c  i  X  ♦  Y/X.  Hence  it  follows  from  Proposition  2.2  that  a  sufficient 
condition  for  the  sequence  (2.2)  to  be  coexact  is  that  the  map  i  :  X  ♦  Y  is  a 
cof ibration  in  the  sense  that  the  lifting  problem 

Y  x  0  0  X  x  [0,1]  — 3 — ►  w 

jr 

(2.3)  r,  ✓  ^ 

✓ 

Y  *  [0,1] 

has  a  solution  for  every  topological  space  W  and  every  continuous  map 
g  :  Y  x  o  U  X  *  [0,1]  *  W.  Equivalently,  (X,Y)  is  an  NDR-pair  in  the  following  sense. 


DEFINITION  2.3  ( NDR-pa i r > 

Let  X  be  a  closed  subset  of  the  metric  space  Y.  Then  (X,Y)  is  said  to  be  an 
NDR-pair  if  there  exist  continuous  maps  r  :  Y  *  10,1]  *  Y  and  a  :  Y  ♦  [0,1]  such  that 
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1 


1 


a(y)  ■  0  <»«”>  y  e  X  , 


2.  r(y,0)  «  y 

3.  r (x,o)  »  x 

4.  r (y , 1 )  e  X 


V  y  e  Y  , 

V  X  e  x  V  0  e  [0,1]  , 

V  y  e  Y  with  a(y)  <  1  . 


In  fact,  if  X,Y  is  an  NDR-pair  and  the  continuous  maps  r  :  Y  x  [0,1]  ♦  Y, 
a  :  Y  ♦  [0,1]  satisfy  the  conditions  of  Definition  2.3,  then  the  map 
G  !  Y  *  [0,1]  ♦  Y  X  0  b  X  X  [0,1]  defined  by 


(2.4) 


G(y , 0 ) 


(r(y,1),0-2a(y)), 

(r (y,2-2a(y)/o) ,0) , 
(y»0), 


0  <  a(y)  <  0/2  , 

0/2  <  a(y)  <  o  , 
a  <  a(y )  <  1  , 


for  y  e  Y  and  a  e  [0,1]  is  continuous  and  satisfies  G{y,0)  “  (y,0)  and 
G(x,o)  “  (x,<J)  for  all  y  e  Y,  x  e  X,  a  e  [0,1].  Therefore  we  have  the  following 
result. 

PROPOSITION  2.4 

Let  (X,Xq)  be  a  closed  subspace  of  the  pointed  metric  space  (Y,xg).  Then  the 
following  statements  are  equivalent. 

(i)  i  :  X  -»  Y  is  a  cofibration. 

(ii )  There  exists  a  continuous  map  G  :  Y  *  [0,1]  +  Y  *  0  L>  X  *  [0,1]  such  that 
G(y,0)  »  (y,0)  and  G(x,o)  »  (x,o)  for  all  y  e  Y,  x  e  X,  a  e  [0,1]. 


(iii)  X,Y  is  an  NDR-pair. 

If  these  conditions  are  satisfied,  then  the  sequence  (2.2)  is  coexact 


The  map  G  :  Y  *  [0,1]  ♦  Y  «  0  U  X  x  [0,1]  defined  by  (2.4)  gives  rise  to  a 
connection  map  6  :  Y/X  +  Ex  which  leads  to  a  long  coexact  sequence.  More  precisely,  we 
have  the  following  important  result  (see  e.g.  WHITEHEAD  [13,  Theorem  III. 6. 22)). 


THEOREM  2.5 

Let  (X,X0)  be  a  closed  subspace  of  the  pointed  metric  space  (Y,Xq),  suppose  that 
X,Y  is  an  NDR-pair  and  let  the  maps  r  :  Y  *  [0,1]  ♦  Y,  a  :  Y  ♦  (0,1)  satisfy  the 
conditions  of  Definition  2.3.  Let  the  connection  map  5  :  Y/X  *  EX  be  defined  by 


(2.5) 


«( [y]  ) 


(r (y , 1 ) , 1-2a(y ) ),  0  <  a(y)  <  1/2  , 

[X  x  0] ,  otherwise  , 


for  y  €  Y.  Then  the  sequence 

(2.6)  X  - Y  - Y/X  - EX  ?'■■*  EY  -£l-*  EY/X  ... 

is  coexact. 

PROOF.  Let  pj  :  Y  »  0  b  X  «  [0,1]  <  ft  be  the  natural  projection  which  collapses 
Y  *  0  U  Xq  x  [0,1]  0  X  x  1  to  a  single  point.  Then  Px  O  G  provides  a  homotopy 
between  c  :  Y  ■*  Ex  and  S  o  w  :  Y  ♦  Ex.  Now  let  the  maps 

j  :  Ex  ♦  T  -  Y  *  [0,1]  /Y  x  0  0  x  x  [0,1]  0  X  x  1  , 

n  0 

k  :  YA  ♦  Tw,  k(  [y]  )  -  [y,1]  , 

be  the  natural  injections.  Then  j  °  S  ~  k  :  Y/X  ♦  T  via  the  homotopy 

IT 

H  :  Y/X  *  [0,1]  ♦  which  is  defined  by 
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[r(y,1),1-2a(y)l 


0  <  a(y)  <  o/2 


H<  !y] ,0; 


(r (y,2-2a(y)/o } , l-o]  , 
ty, 1-0) , 


0/2  <  a(y)  <  o  , 
o  <  a(y)  <  1  . 


Hence  it  follows  from  Proposition  2.2  that  the  sequence  Y  — - — Y/X  - *  EX 

Now  let  py  :  ♦  Ey  be  the  natural  projection  which  collapses  Y  *  1. 

map  py  o  h  :  Y/X  x  {0,1]  *  2y  provides  a  homotopy  between  c  :  Y/X  ♦  EY  and 
El  o  6  :  Y/X  +  Ey.  Finally  let  us  define  the  map 


d  :  Ey  ♦  T{  =  Y/X  x  [0,1)  05  EX/tX)  x  [0,1)  U  Y/X  x  0 


by 


d<  ty,a) ) 


( ty 1 ,2-20}  e  y/x  x  [o,i), 
-  tr (y, 1 ) ,2o-2a(y) ]  e  EX, 
[Y/X  x  0], 


1/2  <  a  «  1  , 

0  <  afy)  «  a  «  1/2  , 
a  <  a(y)  <  1,  0  <  0  <  1/2 


for  ty,a)  e  EY.  Then  the  map  d  o  El  :  Ex  *  Tg  is  given  by 


d  o  Ei ( [x,o]  ) 


tx,2o) ,  0  <  o  <  1/2  , 

[Y/X  x  o) ,  otherwise  , 


for  [x,0)  e  Ex.  This  map  is  homotopic  to  the  canonical  injection  4  :  Ex  ♦  T^ 
homotopy  t  :  EX  x  (0,1)  ♦  Tg  which  is  given  by 


*<  Ix,o) ,T) 


[x, ( 1  +  T )0) , 
[Y/X  x  0)  , 


0  <  (1  +  T>0  <  1, 

otherwise  , 


is  coexact. 
Then  the 


via  the 
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for  tx,o)  e  IX  and  T  e  [0,1].  Hence  it  follows  from  Proposition  2.2  that  the  sequence 
Y/X  — —*•  Ex  — -  — — *  Ey  is  coexact. 

Finally,  Proposition  2.2  shows  that  if  any  sequence  of  the  form  (2.1)  is  coexact. 


then  so  is  the  sequence  Ex 


Ez  of  the  suspensions.  I J | 


At  the  end  of  this  section  we  introduce  the  extremely  useful  concept  of  a  connected 
simple  system  which  is  due  to  CONLEY  [3].  A  connected  simple  system  is  a  subcategory  of 
the  category  of  pointed  spaces  and  homotopy  classes  of  maps  between  these  with  the 
additional  property  that  for  any  two  objects  there  is  a  unique  morphism  between  these  (in 
each  direction).  More  precisely,  we  make  the  following  definition. 


DEFINITION  2.6  (connected  simple  system) 


A  connected  simple  svstem  consists  of  a  collection 


f  pointed  spaces  alonq  with 


a  collection  I,,  of  homotopy  classes  of  maps  between  these  such  that 

(i)  hom(X,X)  «  { [f }  e  [XjX] | (f )  e  Im)  is  nonempty  and  consists  of  a  single  element 
for  each  ordered  pair  X,X  of  spaces  in  IQ, 

(ii)  if  X.X.X  e  IQ  and  [f]  e  hom(X,X>,  (f)  e  hom(X,X),  then 
(f  o  f]  e  hom(X.X), 

(iii)  hom(X,X)  -  { [1  ] }  for  all  X  e  IQ. 


Note  that  each  morphism  in  a  connected  simple  system  is  necessarily  the  homotopy 
class  of  a  homotopy  equivalence.  Morphisms  between  connected  simple  systems  are  defined 
as  follows. 


DEFINITION  2.7 

A  morghism  •  :  I  ♦  J  between  the  connected  simple  systems  I  “  (I0,Im)  and 
J  =  is  a  collection  of  homotopy  classes  of  maps  between  spaces  in  Iq  and  spaces 


in  J„  such  that 


(i )  for  every  X  e  IQ  and  every  Y  €  JQ  the  set  ♦(X.Y)  “{[<*>)  S  [X;Y]  |  (ip)  e  *} 


is  nonempty  and  consists  of  a  single  element. 


(ii)  if  X,X  e  I0  and  Y,Y  e  J0  and  if  t<p]  e  *(X,Y),  [f]  e  hom ( X , X ) , 
(g]  e  hom(Y,Y),  then  [g  °  <p  °  f)  e  *<X,Y). 


Of  course,  any  single  map  <p  :  X  +  Y,  X  e  I0,  Y  e  J0,  induces  a  morphism  between  the 

connected  simple  systems  1  and  J  via  property  (ii)  in  the  above  definition.  If  a 

morphism  *  :  I  ♦  J  consists  of  homotopy  equivalences,  then  the  homotopy  inverses  of 

these  maps  induce  a  morphism  ♦  1  :  J  ♦  I.  Finally  we  mention  that  the  suspension  functor 

E  associates  with  any  connected  simple  system  I  “  (lQ,Im)  the  connected  simple  system 

El  *  (El„,El  )  which  is  defined  by 
u  m 


Er  *  ( Exl x  e  IA},  Er  -  (rEf)lffl  e  i  > 
o  o  w  w 


,'e  *'t  *»  *,"  *«’  »,  \* 

' -\ 


3.  FLOWS 


In  this  section  we  collect  some  elementary  properties  of  flows.  Although  the  results 
are  known  we  indicate  at  some  places  the  main  ideas  of  the  proofs.  Basic  references  are 
BIRKHOFF  [2],  BHATIA-SZEGO  [1},  CONLEY  [31. 

Let  T  be  a  topological  space  (not  necessarily  Hausdorff)  and  let  the  continuous  map 
(Y,t)  ♦  y*t  from  T  x  R  into  T  be  a  flow,  that  is  Y*0  «  y  and 
Y’(t+s)  =  (Y*t)*s  for  every  Y  e  T  and  all  t,s  e  R.  A  set  S  T  is  said  to  be 
invariant  if  S*R  -  S.  The  maximal  invariant  subset  of  a  set  N  C  T  is  given  by 

I(N)  »  {y  e  r|y*R  <_  N)  . 

If  N  is  closed  then  so  is  IIN),  since  the  closure  of  any  invariant  set  is  invariant. 
The  w-limit  sets  of  a  set  Y  (_  T  are  given  by 

U)(Y>  -  I(cl(Y*  [0f«))>  -  fl  cl(V[t,»))  , 

t>0 


ui  (Y>  -  I(cl(Y*<  —  ,0]  ))  -  Ci  cl(Y»(--,-t)  )  . 

t>0 

Now  let  S  L  r  he  a  compact  invariant  set  which  is  Hausdorff  in  its  relative 
topology.  Let  Y  C.  S.  Then  <n(Y)  and  w  (Y)  are  compact  invariant  subsets  of  S  and 

they  are  connected  if  Y  is.  Furthermore,  if  U  is  a  neighborhood  of  w(Y),  then  there 

* 

exists  a  t  >  0  such  that  Y*[t,«)  (_  U.  A  similar  statement  holds  for  u>  (Y).  A  compact 
invariant  set  ACS  is  said  to  be  an  attractor  in  S,  if  there  exists  a  neighborhood 

U  of  A  in  S  such  that  A  »  <i>(u).  A  compact  invariant  set  A*  (-  S  is  said  to  be  a 

*  •  * 

repeller  in  S,  if  there  exists  a  neighborhood  U  of  A  in  S  such  that  A  -  id  (U). 
The  following  Lemma  gives  a  very  useful  characterization  of  attractors. 
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LEMMA  3.  1 


Let  S  c  T  be  a  compact  invariant  set  which  is  Hausdorff  In  its  relative  topology. 
Then  a  compact  invariant  set  ACS  is  an  attractor  in  S  if  and  only  If  there  exists  a 
neighborhood  u  _o£  A  _ir^  S  such  that  Y*(-“,0]  (£  U  for  all  y  e  U\a. 

PROOF:  The  necessity  of  the  condition  is  clear  since  C  U  implies  Y  e  io(U). 

If  U  is  a  compact  neighborhood  of  A  in  S  such  that  Y*(-**,0]  (£  V  for  all 

Y  a  u\a,  then  there  exists  a  t*  >  0  such  that  Y*[-t*,0]  u  for  all 

Y  e  U  f  cl(s\u).  Now  choose  a  neighborhood  V  of  A  such  that  V» [0,t  ]  C  U.  Then 

V-  tO,-)  C  U  and  therefore  ui(V)  =  A.  !]| 

LEMMA  3.2 

Let  s  C  P  be  a  compact  invariant  Hausdorff  space  and  let  A  be  an  attractor  in  S 
Then  the  following  statements  hold. 


ILL 

If 

Yes  and  at  (Y)  C  A  d  d, 

then 

Y  e  a. 

(ii) 

If 

Yes  and  <d(y)  1  •  A  d  d. 

then 

I0(Y)  c  A. 

( lii ) 

A*  *  (Ye  sU(Y)  f.  A  «  fS)  is  a 

repeller  in  S, 

called  the  complementary 

repeller  of 

A. 

(iv) 

A  * 

(y  e  S  1  ui*  ( Y  )  (•  A*  *  d)  . 

(v) 

if 

V  is  a  compact  neighborhood  of 

A  in  S 

with  v  (l  A*  -  d,  then 

A  =  u)(V). 

(vi) 

if 

* 

y  P  F,  then  wOr)  C_  U)  ) 

A  U 

* 

A  • 

( vi  i ) 

if 

A'  is  an  attractor  in  A, 

then 

A’  is  an 

attractor  in  S. 

PROOF :  Let  U 

be  an 

open  neighborhood  of  A  in 

S  such  that  id(U)  *  A. 

( i)  If 

U)*(  Y) 

f>  A  +  4,  then  y  (-t  )  e  U 
n 

for  some  sequence  t„  tending  to  • 

and  hence  Y  e 

oi(U)  = 

A. 

(ii)  If  id(Y)  f i  A  ?  t,  then  Y't  e  U  for  some  t  >  0  and  therefore 
id(Y)  ”  iD(Y*t )  C  id(U)  -  A. 

*  *  ft  .  * 

(iii)  Choose  t  >0  such  that  cl(0*(t  ,••)  )  L  U  and  define  U  ”  S\cl(U*  [t  ,“)). 

*  *  *  .  ft 

Then  s  »  0  0  0  .  Furthermore  U  )  <-  S\0  and  therefore  0  is  a  neighborhood  of 

u)  <u  )  C  s\u  C  U*.  Hence  id  (0  )  is  a  repeller  in  S. 

If  Y  e  id  (u  )  then  id(y)  C  id  (u  ).  This  implies  <a(Y)  fi  A  «  4  and  therefore 
Y  e  A*.  If  Ye  A*,  then  Y**  P*  u  »  *S  since  otherwise  <d(Y>  <-  id(U)  «  A.  Hence 
Y**  C.  u*  and  therefore  y  e  I(U*)  -  to  (U  ).  We  conclude  that  A*  -  id  (0  )  is  a 
repeller. 

(iv)  The  dual  arguments  of  the  preceding  ones  show  that 
A  -  id ( 0)  *  lY«  s|id*(Y)  Cl  A*  «  *}. 

*  ft  ft  •  # 

(v)  Let  U  be  an  open  neighborhood  of  A  in  S  such  that  A  ■>  id  (u  )  and 

U*  Pi  v  "  Choose  t*  >  0  such  that  U*(-“,-tlCU  C  s\v.  Then  V*  [t  ,«•)  i_  s\o 

and  therefore  id(V)  C  s\u  .  By  (iv),  this  implies  id(V)  «  A. 

(vi)  Follows  from  (i-iv). 

(vii)  Let  U'  be  a  neighborhood  of  A*  in  S  such  that  U'  (_  0  and 

id <0 ■  fi  A)  «  A'.  Let  Y  e  0*  such  that  Y*(-**,0)  C-  U'.  Then  Y*(-*»,0]  C  U  and 

therefore  Y  e  <d(U)  «  A.  Hence  Y*<-".0]  t-  0*  fi  A  and  therefore  Y  e  w(U'  (.  A)  -  A'.  By 

Lemma  3.1,  this  implies  that  A'  is  an  attractor  in  S.  SI i 

Let  A^  and  A2  be  attractors  in  a  compact,  invariant  Hausdorff  space  S  <_  T.  Then 

it  follows  from  Lemma  3.1  that  Aj  fi  A2  is  an  attractor  in  S  and  from  Lemma  3.2  (iii) 

that  A*  It  A2  is  its  conqplementary  repeller.  By  duality,  A1  0  A2  is  an  attractor  in 

*  * 

S  and  A j  I!  A2  is  its  complementary  repeller. 

We  are  now  going  to  introduce  the  concept  of  a  Morse  decomposition  of  an  invariant 
set  S.  This  concept  serves  as  a  tool  to  generalise  the  classical  Morse  theory  for 
gradient  flows  on  compact  manifolds  with  finitely  many  critical  points  to  arbitrary  flows 
and  isolated  invariant  sets.  One  of  the  essential  features  of  the  general  approach  is  the 


continuation  theorem  which  cannot  be  derived  in  the  context  of  the  classical  theory. 


Also,  in  the  classical  theory  there  are  no  means  to  define  an  index  for  invariant  sets 
other  than  critical  points  such  as  periodic  solutions  or  invariant  tori. 

DEFINITION  3.3  (Morse  decomposition) 

Let  S  (-  T  be  a  compact,  invariant  Hausdorff  space.  Then  a  finite  collection 

{M(x)|x  €  p}  of  compact  invariant  sets  in  S  is  said  to  be  a  Morse  decomposition  of 

S  if  there  exists  an  ordering  *.»••• »x_  of  P  such  that  for  every 
1  '■  i  -  .  ■*  i  n  ■  '  ~  ' 

r  e  s\u{m( x  )  |  x  e  p}  there  exist  indices  i.j  e  {l,...,n}  such  that  i  <  j  and 

ui(  Y )  <-  M(*i),  <i>*(  Y )  C  M(x^>  . 

Every  ordering  of  P  with  this  property  is  said  to  be  admissible.  The  sets  M(ir )  are 
called  Morse  seta. 


If  s  is  a  compact,  invariant  Hausdorff  space  in  T  and  {m(x),  i  e  P)  a  Morse 

* 

decomposition  of  S,  then  for  x,x  e  P  we  define 

w  <  x 

if  x  *  x*  and  x  comes  before  x*  in  every  admissible  ordering  of  P.  This  defines  a 
partial  order  on  P.  Clearly,  any  total  ordering  of  P  is  admissible  if  and  only  if  it 
preserves  the  partial  order  on  P.  A  subset  I  C  P  is  said  to  be  an  interval  if 

x',x"  e  i,  x  e  p,  x'  <  x  <  x"  -»»>  x  e  i  . 

For  any  interval  I  we  define  the  set 


In  the  following  Proposition  we  collect  some  basic  properties  of  the  partially  ordered 
set  <P,<). 

PROPOSITION  3.4 

Let  S  l_  T  be  a  compact  invariant  Hausdorff  space  and  let  {M(*)|w  e  p}  be  a  Morse 
decomposition  of  S  with  the  associated  partial  order  on_  P.  Then  the  following 

statements  hold. 

( i )  If  I  C  P  is  an  interval,  then  there  exists  an  admissible  ordering 
*1'”*'1,n  of  P  and  ®  {l,...,n},  i  <  j,  such  that  I  «  .  ,w ^ 

(ii)  If  {*,*  }  C  P  is  an  interval,  then  s  <  »  if  and  only  if  there  exists  a 

#  * 

res  such  that  u>( r )  C  M(s)  and  u  (Y>  <-  M(*  ). 

*  * 

( iii )  Let  e  P.  Then  it  <  it  if  and  only  if  there  exist  sequences 

n0  *  \  “  »*  e  P  and  r1#....Yk  e  s\U{m(h  >  |s  e  P}  such  that 

ttitYj)  C  ) ,  to* < y ^  )  CHOr..),  J  -  . 

( iv)  Let  I  C  P  be  an  interval.  Then  M(I)  is  an  attractor  in  S  if  and  only  if 

(3.1)  «'  e  P,  H  I,  t'  <  n  — >  s'  e  I  . 

In  this  case  M(p\l)  is  the  complementary  repel ler  of  M(I>  _in  S  and  I  is  said  to  be 
an  attractor  interval  and  p\l  a  repeller  interval. 

(v)  If  I  t  P  is  an  interval,  then  M(I)  is  a  compact  invariant  set. 

{m(k)|h  e  1}  is  a  Morse  decomposition  of  M(I)  and  {m(s)|*  e  P\l}  U  {M( I ) }  is  a  Morse 


decomposition  of  S 


PROOF: 


(i)  Let  X  <-  p  be  an  interval.  Then  the  sets 

J  -  It  e  P | 3  *•  e  I  with  *  <  *’},  K  -  P\(I  L  J)  , 

are  intervals  and  can  be  ordered  in  the  form  J,I,K,  preserving  the  partial  order  on  P. 
Now  choose  an  ordering  of  P  which  preserves  the  ordering  of  the  sets  J,I,K  and  the 
partial  order  on  P. 

r  *1  * 

(ii)  Let  (.*,*  1  be  an  interval  and  suppose  that  *  <  *  .  Then,  by  (i),  there 

* 

exists  an  admissible  ordering  on  P  such  that  *  follows  immediately  on  *.  Hence 

*  * 

there  exists  a  Y  «  S  with  u»(Y)  C  M(»)  and  u  (Y)  (.  M(*  ),  since  otherwise  one  would 

•  • 

get  another  admissible  ordering  by  interchanging  *  and  *  ,  contradicting  w  <  *  . 

*  * 

(iii)  Suppose  that  ir  <  «  and  construct  a  sequence  “  *  <  «1  <  •••  <  “  x 

such  that  there  is  no  w  e  P  and  no  j  e  {l,...,k}  with  *  <  *  <  w^.  Then  the  sets 

(_  P  are  intervals  and  therefore  (iii)  follows  from  (ii). 

(iv)  If  I  L  P  does  not  satisfy  (3.1),  then  there  exist  *  e  p\l,  **  e  I  such  that 
(*,*  1  is  an  interval  and  »  <  »  .  Hence  it  follows  from  (ii)  that  MIX)  cannot  be  an 

attractor. 

* 

In  order  to  prove  the  converse  implication,  let  w  e  P  satisfy 

(3.2)  »*  J  »  V  »  e  P  . 

Then  I  -  P\(«  )  is  an  interval  with  the  property  (3.1).  Let  U  be  a  neighborhood  of 
M(  it* )  in  S  with  cl(U*>  fi  M<  w )  -  4  for  all  *  e  I  and  let  Y  e  U*\M(**>.  Then  it 

follows  from  (iii)  and  (3.2)  that  <d(y)  fi  cl(U*)  »  <S  and  therefore  Y'tO,**)  (1  U*.  Hence 

* 

the  dual  result  of  lemma  3.1  shows  that  M(*  )  is  a  repeller  in  S.  The  complementary 
attractor  of  M(x  )  is  given  by  M(I)  »  (y  e  s|ui  ( Y )  (f  M(*  )}. 


Therefore  M(I>  is  an 


attractor  in  S  and  in  particular  a  compact  invariant  set.  Now  statement  (v)  follows  by 
induction  with  S  replaced  by  M( I ) . 

Statement  (v)  is  a  direct  consequence  of  (iv)  and  (i).  ||| 

The  notion  of  an  attractor-interval  as  well  as  the  proof  of  the  previous  Proposition 
are  due  to  FRANZOSA  [5] . 

The  following  concept  has  turned  out  to  be  very  useful  for  the  development  of  a 
theory  which  covers  a  wide  range  of  applications. 

DEFINITION  S. 5  (local  flow) 

Let  C  r  be  an  open  subset  which  is  Hausdorff  in  its  relative  topology  and  let 
*  rQ  be  locally  compact.  Then  X  is  said  to  be  a  local  flow  if  for  every  y  e  X 
there  exists  a  neighborhood  U  of  Y  In  P  and  an  e  >  0  such  that 

(X  PO)* [O.E)  C  X  . 

DEFINITION  3.6  (isolated  invariant  set) 

Let  X  C  r  be  a  local  flow  and  let  S  C  X  be  a  compact  invariant  set.  Then  S  is 
said  to  be  an  Isolated  invariant  set  if  there  exists  a  compact  neighborhood  N  of_  S 
in  X  such  that  S  -  I(N).  In  that  case  N  is  said  to  be  an  isolating  neighborhood 
(for  S  ^n^  X). 

If  N-j  and  N2  are  isolating  neighborhoods  for  the  isolated  invariant  sets 
and  S2,  respectively,  in  the  local  flow  X  C  r,  then  P  S2  is  an  isolated  invariant 
set  in  X  with  the  isolating  neighborhood  N^  P  N2.  The  following  example  shows  that 


there  is  no  corresponding  statement  for  the  union  of  isolated  invariant  sets. 


Figure  1 


LEMMA  3.7 

If  N  ia  an  iaolatinq  neighborhood  for  the  isolated  invariant  set  S  in  the  metric 
local  flow  X  (_  T,  then  there  exiata  a  neighborhood  N  of_  N  X  which  iB  still  an 

iaolating  neighborhood  for  S. 

PROP?';  If  the  statement  were  falBe,  then  there  would  exist  a  sequence  6  X\n  such 

that  d(Yk"t,N)  <  1A  for  all  k  e  N  and  t  e  R.  A  limit  point  y  of  yk  would  then 
satisfy  y  e  cl(x\N)  C  i(N),  a  contradiction.  ||| 

If  S  ia  an  isolated  invariant  set  in  a  local  flow  X  l_  T  and  {m(x)|x  e  p)  is  a 
Morse  decomposition  of  S,  then  the  Morse  seta  M(it)  are  also  isolated  invariant  sets 
in  X. 

The  following  compactness  result  has  been  established  in  CONLEY-ZEHNDER  [4,  Lemma 
3.1).  For  the  sake  of  completeness  we  present  a  slightly  simplified  proof. 

LEMMA  3.8 

Let  N  C  X  be  an  isolating  neighborhood  for  the  isolated  invariant  set  S  in  the 
metric  local  flow  XL  f ,  let  (m  ( *  )  |  *  6  P )  be  a  Morse  decomposition  of  S  and  let  " < 


be  the  associated  partial  order  on 


Then  the  following  statements  hold 


"P" 


_  -  ’  .. - : - - — ■ — t — --  ■«.-  v 


(1 )  If  Y*  [0,®)  C  N  then  there  is  a  x  e  P  with  w(y>  <-  M(x).  If.  y*(  —  ,0]  t  N 

*  #  * 

then  there  is  a  x  e  P  with  u  (Y)  <-  M(x  ). 

( 11 )  If  I  C  P  Is  an  attractor  Interval  then  the  sets 

M"(I)  =  {y  e  n|y*(-"«0]  C  N  and  ui*<y)  L  M(x)  for  some  w  e  1}  , 

M+(P\l)  =  (Y  e  n|y*  [0,“»)  C  n  and  w<Y>  <-  M(x)  for  some  x  e  p\l} 

are  compact . 

PROOF;  Proposition  3.4  allows  us  to  reduce  both  statements  to  the  case  P  »  {x  ,x  }  where 
{x}  is  an  attractor  interval,  that  is  *  /  * . 

In  order  to  prove  statement  (i),  let  us  assume  that  Y*  [0,<“)  C  N  and  u>(Y )  M(x  ) 

*  * 

and  w(Y)  V-  M(x  )•  Since  w(Y)  is  connected,  this  implies  that  w(Y)  V-  M(x  )  0  M(x  )  and 

* 

hence  there  exists  a  Y'  6  i*>(Y)  i-  S  with  Y*  £  Mix)  0  Mix  ). 

*  * 

Therefore  ui(y')  C  M(x)  and  ui  (Y*  )  (-  M(»  ).  Making  use  of  the  fact  that  Y1**  1  w(Y)» 

* 

we  obtain  that  M(x)  fl  ui(y)  ^  6  and  M(x  )  f.  W(Y)  I1  tf.  Now  let  us  choose  an  open 

neighborhood  U  of  M(x)  in  N  such  that  cl(U)  f:  M(x  )  »  Then  there  exists  a 

sequence  tn  »  0  tending  to  infinity  such  that  Y,fcn  e  U.  Y0  “  li®  Y*t  e  M(x)  and 

n+“ 

Y’(tn,tn+1]  V.  U.  Hence  there  exists  a  sequence  t^  e  [tn,tn+1]  with 

Y*  (t  ,t']  L  cl(U)  and  Y*t'  t  U.  Let  y .  be  any  limit  point  of  Y*t'.  Then 
n  n  n  l  n 

Y1  e  n\u  and  Y1  P  “(Y>  C  S.  Furthermore  the  sequence  t^  -  tn  has  to  be  unbounded 

since  otherwise  Y,  P  Y0‘*  C.  M(x).  But  this  implies  that  Y  ^  *  0  ]  C.  cl(U)  and 

*  # 

therefore  u  ( Y  ^  )  C  I(U)  *  M(  x ) .  Since  y1  £  M(x)  we  conclude  that  ai<Y.|)  C  M(b  ) 

•  , 

contradicting  the  fact  that  x  %  s.  This  proves  the  first  assertion  in  (i).  The  second 
assertion  in  (i)  can  be  established  by  analogous  arguments. 

For  statement  (ii)  it  is  enough  to  show  that  the  respective  subsets  of  N  are  closed 
since  N  is  a  compact  Hausdorff  space. 


-20- 


M*(P)  is  close..;  Let  Y  6  n\m+(P).  Then  by  (i),  there  exists  a  t  >  0  such  that 
Y*t  0  N.  This  implies  that  y'*t  <  S  for  all  Y’  in  some  open  neighborhood  of  y  in 
N.  Hence  n\m+(P)  is  open  in  N  and  therefore  M+(P)  is  closed. 

+  *  4-  *  x  x 

M  (x  )  is  closed:  Let  Y  e  M  (r  )  L  H  <P)  converge  to  y  8  M  (P)  and  suppose  that 
—  ■■■  1  -  n 

+  *  * 

Y  0  M  (ir  ).  Then  u>(Y)  C.  M(x)  and  ui(Y  i  (-  M(ir  )  for  all  n  e  H.  How  let  U  be  an 

n 

* 

open  neighborhood  of  M(»  )  in  X  such  that  cl(U)  f.  M{*>  “  4.  Since  u(Y)  <-  M(x), 
there  exists  a  t  >  0  such  that  Y*t  0  cUV )  and  therefore  Yn*t  0  cl(B)  for  every 
sufficiently  large  n  e  H.  For  each  of  these  n  e  H  there  exists  a  tR  >  0  such  that 

Y  •  (t  .«)  L  U  f.  N  and  Y  *t  f  U<  Let  us  choose  a  subsequence  such  that  Y  *t 

n  n  n  n  n  n 

*  •  # 

converges  to  Y  •  Then  Y  0  U  and  Y  C  cl(U)  f>  N  which  implies  that 

•  * 

w(Y  )  C  M(*  ).  Moreover,  the  sequence  tn  has  to  be  unbounded  since  otherwise 

*  *  * 

Y  e  Y*R  and  thus  u>(Y  )  C  M(r).  Hence  we  obtain  that  Y  #t  -  lim  Y  *(t  +t)  e  N  for 

n  n 

.  .  n~  •  . 

all  t  e  R  and  thus  Y  e  S.  Recalling  that  Y  0  V,  we  conclude  that  w  (Y  >  V-  M(x  ) 

*  *  * 

and  therefore  u>  (Y  )  0  M(x).  But  this  is  a  contradiction  to  »  /  x . 

The  closedness  of  M~(P)  and  H  (x)  can  be  established  by  analogous  arguments.  | 
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4 .  INDEX  THEORY 

4.1.  EXISTENCE  OF  INDEX  PAIRS 

The  concept  of  an  index  pair  plays  a  crucial  role  in  the  definition  of  the  Conley 
index  for  isolated  invariant  sets.  For  the  introduction  of  this  concept  we  need  the 
notion  of  positive  invariance.  Let  N  be  a  compact  subset  of  a  local  flow  X  L  T.  Then 
a  subset  K  (_  N  is  said  to  be  positively  invariant  in  N  if 

Y  e  K,  t  >  0,  TM0,t)  C.  N  ===>  Y*t  ex. 

DEFINITION  4.1  (index  pairs) 

Let  X  C  T  be  a  local  flow  and  let  S  C  X  be  an  isolated  invariant  set.  Then  a 
pair  (N^,Nq)  of  compact  sets  in  X  is  said  to  be  an  index  pair  for  S  in  X  if 


(i) 

N1 

\Ng  is  a  neighborhood  of  S 

in 

X  and  s  =  I(cl(N1 \nq ) ) , 

(ii) 

is  positively  invariant  in 

"l» 

and 

(iii) 

.if 

Y  e  N,  and  Y-  (0,»)  £  N-, 

then 

there  exists  a  t  >  0  with  V  fO.tl  L  N, 

Y't  e 

Ng. 

The  crucial  property  (iii)  of  an  index  pair  (N^.Ng)  says  that  every  orbit  which 
leaves  N j  in  forward  time  has  to  go  through  the  exit  set  Ng  before  leaving  Nj. 

For  any  subset  K  L  N  we  define  the  minimal  positively  invariant  set  in  N  which 
contains  X  by 


P(K,N)  -  (y  e  N ) 3  t  »  0  with  Y*[-t,0)  L  N,  Y’(-t)  e  K>  . 

The  whole  difficulty  for  proving  the  existence  of  index  pairs  lies  in  the  fact  that 
P(K,N)  need  not  be  closed,  even  if  K  is  closed,  and  that  its  closure  need  not  be 
positively  invariant.  This  is  illustrated  by  the  following  example  in  which  the  (posi¬ 
tively  invariant)  exit  set  N_  =  {y  N|Y’tO,e>  N  for  every  E  >  0 )  is  not  closed. 


P 
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PROOF: 


(i)  Let  y  €  P{K#N)  converqe  to  y  and  let  *  0  be  chosen  such  that 

n  *  n 

Y  •[-t  ,0]  C  n  and  v  *(-t  )  e  K.  Then  the  seouence  t_  has  to  be  bounded  since 
n  n  n  n  n 

*  *  * 
otherwise  any  limit  point  y  of  y  •(-t  )  satisfies  y  €  K  and  y  MO,*)  C  N, 

n  n 

contradicting  K  P  M+(p)  =  jf.  Hence  the  sequence  tn  has  a  limit  point  t  >  0  and  we 
get  Y*[-t,0]  O  N,  Y»(-t)  9  K,  and  therefore  Y  e  P(K,N). 

(ii)  We  prove  statement  (ii)  in  four  steps.  Let  us  first  choose  any  compact 
neighborhood  w  of  M(p'l)  in  N  such  that  W  P  M-(I)  = 

Step  1 :  If  K  C  N  is  a  compact  set  such  that  M"(I)  C  P(K,N)  C  U  P  (N^W),  then 
P(K,N)  is  compact. 

Proof:  Let  Y  €  P(K,N)  converqe  to  Y  and  choose  t_  >  0  such  that 
— - -  n  11 

y  «[-t  ,0]  C  N  and  Y  »(-t  )  e  K.  Then  Y  • {-t  ,01  C  P(K,N)  CUT  (N^W)  for  all 
n  n  n  n  n  n 

n  e  N.  If  tn  is  an  unbounded  sequence,  then  we  obtain  Y’t-^jO]  C  cl(U  P  (n'w))  which 

* 

implies  hi  (y)  C  m(*)  for  some  «  e  I  and  therefore  Y  €  M  (i)  C  p(K,N).  If  the 
sequence  tn  is  bounded  and  t  >  0  is  a  limit  point  of  tn,  then  we  conclude  that 
Y»[-t,0]  C  N ,  Y*(-t)  e  K  and  therefore  Y  €  P(K,N). 

Step  2 :  There  exists  a  t*  >  0  such  that 

Y*(-t*,0]  C  cl(N'w)  ===>  Y  e  U  P  (N\w)  . 

Proof :  If  this  implication  would  not  hold,  then  there  would  exist  sequences  Yr  9  N  and 

t.  >  0  such  that  t„  tends  to  infinity,  y  •  [-t  ,0]  C  cl(NVw)  and  y  «!  U  P  (n\w).  An 
n  n  n  n  n 

limit  point  Y  of  Yn  would  then  satisfy  Y  £  U  P  (N^W)  and  v  •  (-”,0)  C  cl(N'w).  Bu 
this  would  imply  hi  { Y )  C  M(I)  and  therefore  v  €  M”(l)  C  U  P  (N^W)  which  would  be  a 


contradiction . 


Step  3:  Construction  of  Nj. 
Let  us  define  the  sets 


a  -  {y  e  m”(i 1 1 y*  to#t*l  c  n),  b  -  (y  e  m"(I)  |  y*  to,t*l  V.  n}  . 

Then  for  every  y  fi  A  there  exists  an  open  neighborhood  U(Y)  of  Y  in  T  such  that 
cl(U( Y ) ) •  [0,t*]  C  0  fi  (T\w).  For  every  Y  e  B  there  exists  a  t(Y)  >  0  auch  that 
Y*[0*t(Y)J  CUO  (T\w)  and  Y*t(Y)  0  N  which  enables  us  to  choose  an  open  neighborhood 
U(Y>  of  Y  in  T  such  that  cl(U(Y>  >♦  (0,t(Y>)  <-  U  f,  (T\W)  and  cl(U(Y )  >*t(Y )  fi  N  “  «S. 
Since  M”(I)  is  compact,  there  exist  finitely  many  'f  ‘  such  that  the  sets 

U(Y.)»  j  “  1,...,k,  cover  M"(I).  Me  define 

k 

K  -  U  cl(U(Yj )  fi  N),  Nr  -  P(K,N>  . 
j“1  3 


Step  4;  Nj  l  0  fi  (n\w>. 

Proof t  Let  y  e  Nj  an^  t  *  0  with  Y*C“t,0J  C.  N  and  Y*(”t )  fi  K.  Then 

Y • ( -t )  e  cl(u(Yj))  for  some  j  e  Suppose  that  y  0  U  H  (T\w).  If  Y ^  e  A, 

then  y* (-t ,t*-t]  CUT  ( T\w)  and  therefore  t*  <  t.  Hence  there  exists  a 
f  e  [0,t-t*]  such  that  Y*[-t,-t’)  C  U  f.  (n\w>  and  Y’(-t’)  0  U  f.  <n\w>.  This  implies 
y.  [-t ’ -t*  ,-t '  ]  c  c1(n\w)  and  Y’(-t')  0  U  fi  <n\w>  contradicting  Step  2.  If  Y  j  e  B, 
then  Y*  t-t,t(Yj  )-t]  C  U  fi  (T\w)  and  Y’ftfY^-t)  0  N.  From  Y*I-t,0]  L  N  we  obtain 
t(Y)  >  t  and  from  y  0  U  (t  (T\w)  we  obtain  t(Y^)  <  t,  a  contradiction.  We  conclude 
that  Y  e  N  r,  u  f.  ( T\w)  -  u  f,  <n\w)  which  proves  Step  4. 

By  definition,  the  set  Nj  constructed  in  Step  3  is  a  neighborhood  of  M  (I)  in 
N  which  is  positively  invariant  in  N.  Furthermore  Nj  «  P(K,N)  C.  U  f  (n\w)  (Step  4) 
and  hence  Nx  is  compact  (Step  1).  Ill 
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Now  we  are  in  the  position  to  establish  the  following  important  existence  result  for 
index  pairs  (compare  CONLEY-ZEHNOER  (4,  Lemma  3.3)). 

THEOREM  4.3  (existence  of  index  pairs) 

Let  X  C  T  be  a  metric  local  flow,  let  N  L  X  be  an  isolating  neighborhood  of  the 
Isolated  invariant  set  S  <-  X  and  let  0  be  any  neighborhood  of  S  _in_  T .  Then  there 

exists  an  index  pair  (Np^)  for  S  _in_  X  such  that  N,  and  N0  are  positively 

invariant  in  N  and  cl(N)  Ng)  <-  U. 

PROOF:  By  Lemma  3.7,  the  sets 

m+  =  {y  e  n | y*  [o ,—)  c.  n},  m~  =  h  e  n|y*(-*°,o]  c.  n} 

are  compact  and  S  ”  M+  fi  m“.  Hence  there  exist  open  neighborhoods  U+  of  M+  in  N 

and  u"  of  M-  in  N  such  that 

ciar+  ft  a")  c  v  n  (x\ci(x\s))  . 

By  Lemma  4.2  there  exists  a  compact,  positively  invariant  set  Nj  in  N  such  that 
N}  C  v~  and  N}  is  a  neighborhood  of  M-  in  N.  Now  define 

N0  =  P(N\U+,N),  S1  =  Nj  O  N0  . 

Then  Ng  and  are  positively  invariant  in  N  and  N^Ng  l  u+  1 1  and  hence 

cl(N,\N0)  C  U.  Furthermore  Ng  is  compact  (Lemma  4.2(i))  and  Ng  h  S  =  *f.  Therefore 
is  a  neighborhood  of  S.  Clearly  S  *  X(cl(N^ \Nq  ) ) ,  since  S  L  c1(N^\nq)  L  N. 


It  remains  to  show  that  Nn  is  the  exit  set  of  N . • 


For  this  purpose  let  y  P  N,  such  that  Y*(0,“)  V-  N,  and  suppose  that  Y  t  N0. 


Define 


t*  -  sup{t  >  0|  Y* (0 , t)  <-  N^\Ng}  . 

Then  Y*t*  e  cl (N ^ \n ^ )  C  cl(U+  f.  u”)  C  x\cl(x\N).  Since  X  is  a  local  flow  there  exists 
an  e  >  0  such  that  Y*(t*,t*+£]  L  x\cl(x\N)  L  N.  Since  Y*t  e  N1  we  conclude  that 
Y'[t*,t*+e]  C.  N,  and  Y‘[t*,t*+e]  It  n0  t  4.  Ill 

The  next  result  shows  the  existence  of  a  filtration  of  index  pairs  associated  with  a 
Morse  decomposition  of  S  (compare  CONLEY-2EHNDER  [4,  Theorem  3*1] )• 


COROLLARY  4.4 

i^et  X  C  r  be  a  metric  local  flow,  let  S  C  X  be  an  Isolated  invariant  set  and  let 
{m(x)  ,t  e  P)  a  Morse  decomposition  of  S  with  an  admissible  ordering  of_  P. 

Furthermore  let  (Nn,N0)  be  an  index  pair  for  S  jn  X.  Then  there  exists  a  filtration 

»0  L  N1  C  ***  C  Vi  L  N" 

of  compact  sets  such  that  <Nk,Nj_.,)  is  an  index  pair  for 

.  k 

Mlj  =  (Y  e  s|u(Y)  U  u  (Y)  <-  0  M(!t.)} 


whenever  1  <  j  <  k  <  n. 


PROOF:  Define  N  =  cl(N  \n„  ) .  Then,  by  Lemma  3.7,  for  any  j  e  {l,...,n}  the  sets 

—  ■  ••  n  o 


h!  =  (y  e  M I Y*  to,®)  c  N,  U(Y)  <-  M  .} 

J  "3 
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Mj  =  (y  6  N  |  Y  *  (  —  ,0]  C  N,  ID*(Y)  L.  M  .  1  } 

are  compact.  Now  let  N^,  =  N  h  Nn  and  define  Nj  t  N  recursively  such  that  N^  is  a 

compact  neighborhood  of  M~  in  N  which  is  positively  invariant  in  Nj+^  and  satisfies 
N j  fi  Mj+1  =  d  (Lemma  4.2),  j  -  n-1,...,1.  Then  the  sets  Nj  =  NJ  U  N0  satisfy  the 
requirements  of  the  Corollary.  | I | 

REMARK  4.5 

A  very  nice  refinement  of  the  previous  result  has  recently  been  established  by 
FRANZOSA  [5) .  Let  N  C  X  be  an  isolating  neighborhood  of  the  isolated  invariant  set  S 
in  the  metric  local  flow  X  (_  T  and  let  {m(X)|w  e  p)  be  a  Morse  decomposition  of  S 
with  the  associated  partial  order  "<"  on  P.  Let  J  denote  the  set  of  attractor 
intervals  in  P.  Then  FRANZOSA  has  shown  in  (5)  that  there  exists  a  family  {N ( I )  | X  e  J) 
of  compact,  positively  invariant  sets  in  N  such  that 

(i)  (N(J),N(I))  is  an  index  pair  for  M(j\l>  for  all  I,J  e  J  with  I  L  J,  and 

(ii)  N  ( I  fi  J )  =*  N(  I )  f.  N(J),  N(  I  U  J)  “  N(  X )  U  N  ( J )  for  all  I,J  e  J. 

The  proof  is  not  easy.  The  essential  difficulty  is  the  requirement  that  both  the 
intersection  and  the  union  property  have  to  be  satisfied  simultaneously. 

4.2.  EQUIVALENCE  OF  INDEX  PAIRS 

The  most  important  property  of  index  pairs  is  that  the  homotopy  type  of  the  pointed 
space  N^/Nq  is  independent  of  the  choice  of  the  index  pair  and  therefore  depends  only  on 
the  behavior  of  the  flow  near  the  isolated  invariant  set  S  (CONLEY-ZEHNDER  (4),  KURLAND 
(6)  ).  We  present  a  highly  simplified  proof  of  this  fact.  More  precisely,  we  will  show 
that  for  any  isolated  invariant  set  S  in  a  local  flow  X  the  collection 

{N1/Ng I (N1 ,Ng )  is  an  index  pair  for  S  in  X} 
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along  with  a  certain  collection  of  homotopy  classes  of  flow  induced  maps  is  a  connected 
simple  system  in  the  sense  of  Definition  2. 6.  The  proof  consists  of  the  following  three 


Lemma  s • 

LEMMA  4.6 

Let  N  be  an  isolating  neighborhood  for  the  isolated  invariant  wt  S  In  the  metric 
local  flow  X  C  T  and  let  U  be  a  neighborhood  of  S  _in_  X.  Then  there  exiata  a 
t  >  0  such  that 


Y*  [-t,t]  C  N  “»>  y  e  U  . 

PROOF:  If  there  would  exist  sequences  Yk  e  x\u  and  tk  >  0  such  that  t^  tends  to 
infinity  and  y  •[-tk#t.]  C.  N  for  all  k  e  N,  then  any  limit  point  y  of  Yy  would 
satisfy  Y  e  cl(x\o)  and  y*R  N.  This  would  imply  Y  C  S  0  cl(x\U),  a 
contradiction.  | | I 

The  next  Lemma  defines  a  flow  induced  map  from  into  for  any  two  index 

pairs  (N1(N0>,  }  of  S  in  X. 

LEMMA  4.7 

Let  (N1(N0)  and  (N^Ng)  be  index  pairs  for  the  isolated  Invariant  set  S  and 
choose  T  >  0  such  that  the  following  implications  hold  for  t  >  T 

(4.1)  YM-t,t]  C  —  >  Y  e  , 

(4.2)  Y •  ( “t . t ]  L  —  »>  Y  e  . 

Then  the  map  f  :  J^/Nq  *  CT,*>)  *  N  /N  defined  by 


(4.3) 


[  [Y*  3tj ,  if  Y*(0,2t)  C  N  \N  ,  y* (t  #3t]  C  N  \S  , 
f(  [Yl.t)  -  f*(  m  >  -  4 

(  (Ngl,  otherwise  , 


for  y  e  and  t  >  T,  is  continuous. 


PROOF; 

1st  cage.  Y*(t,3tJ  V-  cl(N1\S0)« 


In  this  case 

Y*t*  0  c1(N1\h(J)  for  some 

t*  with  t  <  t*  < 

3t . 

Hence  there  exists 

a  neighborhood  U 

* 

of  yt  in  f  such  that 

U  fi  c1(51\n())  «  «J. 

By 

the  continuity  of 

the  flow,  this  implies  the  existence  of  a  neighborhood  W  of  (Y»t)  in  T  x  [T,°*>  such 

*  * 

that,  whenever  (Y'»t')  e  W,  then  Y'*t  e  CJ  and  t’  <  t  <  3t'.  We  conclude  that 
Y '  •  (t '  ,3t ' )  V-  and  hence  f([Y"J,t’)  “  [Ng]  for  every  (Y',t')  e  W  with  y*  *  *y. 

Note  that  the  case  Y*(0,2t]  V-  c1(Nj\n.)  can  he  treated  in  a  strictly  analogous 
manner.  Hence  we  can  assume  from  now  on  that 

(4.4)  Y*(0,2t)  CcKN^),  Y*  tt,3t]  <-  cKN^Nq)  . 

2nd  case  Y*[t,3t]  fi  NQ  -  0. 

In  this  case  it  follows  from  (4.4)  that  Y*(t,3t)  t.  N^\nq.  By  (4.2),  this  implies 
Y* 2t  e  and  hence  Y*(0,2t]  C.  N1\n((.  Therefore  f((Y)»t)  “  Y*3t  e  NjVSg. 

now  let  U  be  a  neighborhood  of  Y*3t  in  T.  Then,  by  the  continuity  of  the  flow, 
there  exists  a  neighborhood  W  of  (Y,t)  in  T  *  [T ,•)  such  that,  whenever 
(Y'.t'J  e  w,  then 

Y'  •  (0, 2t '  1  fi  Nq  -  0,  Y'*  (t '  ,3t‘  ]  r,  N0  -  *(,  Y '  *  3t  ’  e  V  . 

If  Y’  e  Nv  then  we  obtain  Y'*[0,2t'J  C  N,  N0  which,  by  (4.1),  implies  Y'*t’  e  N^Ng 
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Therefore  fUY'l/t*)  -  [Y’*3tM  «  Y'*3t*  e  U  for  every 


and  hence  Y',[t,,3t']  t- 
( Y '  >  t' )  e  W  with  Y'  e  Nv 

3rd  case  YMt,3t)  f,  NQ  ?  <f. 

In  thia  case  it  follows  from  !4.4)  that  Y*3t  e  NQ.  Now  let  [0]  be  any 
neighborhood  of  f([Y)»t)  -  rNQ ]  in  and  define 

u  -  <  ru}  r,  n^Nq)  o  f  r\f?1  >  u  nq  . 

Then  0  is  a  neighborhood  of  NQ  in  T  and 

[U]  -  (U  n  H,\S0)  U  [Nq]  . 

By  t.ie  continuity  of  the  flow,  there  exists  a  neighborhood  W  of  (Y,t)  in  T  x  [T,® ) 
such  that,  whenever  (Y',t'>  e  W,  then  Y'*3t*  e  U.  This  implies  that 

f  <  [Y'l  ,t' )  e  t [y ' •  3t' ] ,  tSQ} }  c  (u  r,  N , \s0 >  u  [n„]  -  tul 

for  every  < Y '  ,t'  )  e  W  with  Y'  e  Nj.  j  j  | 


f:  N1/N0  *  (T,“)  ♦  analogously.  Then  the  following  equation  holds  for 

t  >  max{T,T} 


f(f( (rl ,t),t) 


(Y*6t)  ,  Y*[0,4tl  C  ,  Y*  [2t,6t]  C  3  1\nq  , 

[Nq1»  otherwise,  Y  €  N^  . 


PROOF:  We  have  to  show  that 


Y*  [  0, 2t  J  C  Y*  [t ,  5t  ]  C  N^N^  Y*[4t,6t)  <-  N^Njj 


is  equivalent  to 


Y*  [0 ,4t  1  C  N  \nq,  Y*  [ 2t ,6t ]  C  N  \Np  . 

But  this  follows  immediately  from  (4.1-2)  and  (4.5-6).  ||! 

Now  we  are  in  the  position  to  define  the  index  of  an  isolated  invariant  set. 

DEFINITION  4.9  (index) 

Let  X  L  T  be  a  metric  local  flow  and  let  S  be  an  isolated  Invariant  set  in  X 
Then  the  homotopy  type  h(S)  »  (N1/Nq]  of  the  pointed  space  ^/Ng,  (N1,N0)  being  an 
index  pair  for  S  _in^  X,  is  said  to  be  the  homotopy  index  of  S  in  X. 

The  Conley  index  of  S  _in  X  is  the  pair 

I(S)  -  I(S,X)  -  <I0,Im) 


where 


IQ  =  {n.j/N0  |  (N)#N0>  is  an  index  pair  for  S  in  x)  , 
Im  -  Uf1!  |n1A0,n1/50  e  r0  and  ffc  ,  n,/n0  ♦  n1/50 
is  the  map  defined  in  Lemma  4.7}  . 


THEOREM  4.10 


Let  X  C  T  be  a  local  flow  and  let  S  be  an  isolated  invariant  set  in  X.  Then 


h(S>  is  independent  of  the  choice  of  the  index  pair  and  I(S,X)  is  a  connected  simple 


PROOF:  The  existence  of  a  homotopy  class  of  maps  in  lm  between  any  two  spaces  n.,/n0, 
N1/Nq  in  I0  follows  from  Lemma  4.7.  Lemma  4.8  shows  that  the  composition  of  any  two 
morphisms  in  Im  is  still  in  Im.  Finally,  it  follows  from  Lemma  4.7  with  N1  »  N^, 

N0  =  i50,  T  »  0  that  }  e  Im  for  every  N^/Nq  e  10«  This  shows  that  I(S,X)  is  a 

connected  simple  system.  Therefore  the  morphisms  in  Im  are  homotopy  equivalences  and 
hence  h(S)  is  independent  of  the  choice  of  the  index  pair.  )|| 


Note  that  the  previous  theorem  summarizes  the  paper  16)  of  KURLAND  and  one  of  the 
main  results  in  CONLEY-ZEHNDER  [4,  Theorem  3.2]. 


5.  A  COEXACT  SEQUENCE  FOR  ATTRACTOR-REPELLER  PAIRS 

The  purpose  of  this  section  is  to  establish  a  coexact  sequence  for  the  Conley  index 
of  an  attractor-repeller  pair  along  the  lines  of  Theorem  2.5.  The  first  step  in  this 
direction  is  to  show  that  any  given  index  pair  can  be  modified  in  such  a  way  that  it 
becomes  an  NDR-pair  (section  5.1).  Secondly,  we  have  to  show  that  all  the  maps  between 
index  pairs  which  are  involved  in  the  coexact  sequence  induce  morphisms  between  the 
corresponding  connected  simple  systems  which  are  independent  of  the  choice  of  the 
particular  filtration  of  index  pairs  (section  5.2). 

5.1.  REGULARIZATION  OF  INDEX  PAIRS 

We  will  show  that  an  index  pair  is  an  NDR-pair  if  it  is  regular  in  the  following 
sense. 


DEFINITION  5.1  (regular  index  pair) 

An  index  pair  (N^Nq)  for  an  isolated  invariant  set  S  in  a  local  flow  X  C  T  is 
said  to  be  regular  if  the  function  T  :  N1  *  (0,“1  defined  by 


(5.1) 


t(y) 


Sup{t  >  0|yt0,t)  C  N^Np},  Y  e  N ^ \nq  , 


0 


y  e  N0  , 


is  continuous# 
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The  figure  below  illustrates  an  index  pair  which  is  not  regular 


Figure  3 


The  next  Lemma  gives  a  sufficient  condition  for  an  index  pair  to  be  regular.  We  were  not 
able  to  prove  that  this  condition  is  also  necessary  and  leave  this  as  a  conjecture. 

LEMMA  5.2 

Let  (N^Nq)  he  an  index  pair  for  the  isolated  invariant  set  S  in  the  local  flow 
X  C  T  and  suppose  that 

(5.2)  y •  [o ,e]  V-  ci(N1\H0)  v  y  e  nq  v  e  >  o  . 

Then  the  index  pair  (N1fNg)  is  regular. 

PROOFi  Let  x  i  N1  +  [0,'“)  be  defined  by  (5.1)  and  let  y  e  N.,  be  given. 

First  assume  that  0  <  x(y)  <  *>  and  choose  T  e  (0,x(y>).  Then  y[0,T)  L  N1\nq 
and  thus  there  exists  a  neighborhood  U  of  y  in  T  such  that  U*  [0.T]  (i  Nq  =  «(•  Hence 
Y’*fO,T)  C  N1\nq  for  all  Y'  e  0  fi  and  therefore  x(y')  >  T  for  all 
Y’  e  U  r,  Nr 

Secondly,  suppose  that  0  <  x(Y)  <  “  and  choose  T  e  (T(y),“).  Then  it  follows  from 
(5.2)  that  y*t  t  c1(N,\h.)  for  some  t  e  [T(y),T].  This  implies  that  there  exists  a 


neighborhood  U  of  y  in  T  with  IJ*t  f.  cl(Nj\Ng)  =  6.  We  conclude  that 
T(Y’)  <  t  <  T  for  all  y'  e  U  (<  Nv 

This  proves  the  continuity  of  T .  ' ! ; 


In  order  to  transform  a  given  index  pair  into  a  regular  one  we  prove  the  existence  of 
a  Lyapunov  function  (compare  CONLEY  [3,  p.  33]). 


LEMMA  5.3 

Let  (N^,Ng)  be  an  index  pair  for  the  isolated  invariant  set  S  in  the  metric  local 
flow  X  C  f.  Then  there  exists  a  continuous  (Lyapunov)  function  g  :  N^  ♦  [0,1]  such 


g(y)  =*  1  <===>  y  [0,“)  C  N,  and  w(y>  i.  s  , 
g(y )  =  0  <===>  Y  e  N0  , 


t  >  0,  0  <  g(y)  <  1,  y[0,t)  L  N,  ===>  g(yt)  <  g(y) 


PROOF:  Following  the  lines  of  CONLEY  [3,  p.  33)  we  construct  the  Lyapunov  function 


g  :  +  [0,1]  in  three  steps. 


Step  1 :  The  function  l  :  N1  ♦  [0,1]  defined  by 


d(Y,N0> 

1(Y>  "  d(y,N0)  +  d  ( y  ,  S )  '  Y  e  N1 


is  continuous  and  satisfies  Ng  =  l  Y ( 0 )  and  S  =  f  Y ( 1 ) . 


Step  2:  The  function  k  :  N1  ♦  [0,1]  defined  by 


c(y>  =  sup[  My  t )  It  >  0,  y  [o,t]  t.  N, ) 


.  .  •  - 1 


is  continuous  and  satisfies 

k(y)  =  1  <===>  Y*  10,®)  <_  N  ^ ,  ui(Y )  C  S  , 
k ( Y )  =  0  <===>  Y  e  N0  i 
Y*C0,tJ  C  N,  ===>  k(Y*t)  <  k(Y)  . 

PROOF:  The  only  nontrivial  property  of  k  is  the  continuity. 

Let  y  6  he  given,  assume  first  that  0  <  k ( Y )  <  1  and  choose  e  e  (0,k(Y)). 

Then  there  exists  a  t  >  0  such  that  Y"[0,t]  C  N1  and  i(Y*t)  >  k(Y>  -  e .  Then,  of 

course,  Y*  [ 0 , t ]  L  N ^  Ng  and  hence  there  exists  a  neighborhood  0  of  y  in  T  such 
that  U*  to ,  t]  f.  Ng  =  *S  and  S.  ( Y  *  *  t )  >  k(Y)  -  £  for  all  y  ’  6  0  fi  N^.  This  implies 

k(Y')  >  k  ( Y )  -  E  for  all  Y '  e  U  C,  N,. 

Secondly,  suppose  that  0  t  k(Y)  <1  and  choose  E  e  (0,1 — K ( Y ) )  •  Furthermore, 

assume  that  there  is  a  sequence  Y  e  N.  such  that  Y  “  lim  Y  and  k(Y  )  >  k(Y)  +  E 

n  1  n  n 

n-H» 

for  all  neH.  Then  there  is  a  sequence  t„  >  0  such  that  y  •  [0,tn)  i-  N^Ng  and 
i(Yn*tn)  >  k ( Y  >  +  e.  The  sequence  tn  has  to  he  bounded  since  otherwise 
Y  •  I0,<»)  C  N1\nq  contradicting  k(Y)  <  1*  Hence  the  sequence  tn  has  a  limit  point 
t  and  we  obtain  Y*[0«t]  L  cltS^j)  and  t(y  •  t)  >  k  ( y )  +  E,  again  a  contradiction. 
We  conclude  that  there  exists  a  neighborhood  U  of  Y  in  T  such  that 
k(y')  <  k<Y)  +  e  for  all  Y  e  U  Ti  This  proves  the  continuity  of  k. 

Step  3:  The  function  g  :  Nj  ♦  [0,1]  defined  by 

t ( Y )  _£ 

g(Y)  =  /  e  H(Y’S)dS,  t(y)  =  sup{t  >  o|y* [0,tj  L  N ^ }  , 

0 

satisfies  the  requirements  of  the  Lemma. 
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PROOF:  The  conditions  (5.3)  and  (5.4)  are  obviously  satisfied.  In  order  to  establish 
(5.5),  let  Y  e  satisfy  0  <  g(y)  <  1  and  suppose  that 


Then 


o  <  t  <  t  =  sup{£  >  o|y*[o,5)  c  n  \n  }  < 


t  -t 

g(Y-t)  -  /  e  %k(Y*(t+?  )  >d£ 

0 

* 

t  -t  - 

<  /  e  4k(Y*C)d5 

0 


<  ]  e  4k(Y*5)d5 
0 


=  g(Y) 


Now  we  prove  the  continuity  of  g  at  T  e  If  y  e  Ng 

fact  that  g(Y')  <  k(Y')  for  all  Y*  e  N, .  If  Y* t0,»)  C  N, 
consequence  of  the  inequality 

T 

Ig(Y')  -  g(Y) |  <  /  |k(Y'*5>  -  k(Y«C)|de  +  2 

0 

for  T  large  and  YWO.TJ  <-  N^Ng.  If  Y  e  ^  \nq  and  Y*  10,' 
every  E  >  0  there  exists  a  T  >  0  such  that  y  [0,T)  (.  N|  Ng 
the  following  inequality  holds  for  all  y*  6  N1  with  Y'^tOfT] 


this  follows  from  the 
I  then  the  continuity  is 

OO 

i  e“5dS 

T 

>)  (,  Ng  ?  f(f  then  for 
and  k(Y*T)  <  E.  Hence 
C  N ,  Ng  and 


T 

Ig(Y’)  -  g(Y)  I  <  /  I)c<y**C>  -  k(y*5)|dC  +  3e  . 

o 


Thus  the  continuity  of  g  follows  from  that  of  k. 
The  completes  the  proof  of  Lemma  5.3.  jit 


REMARK  5.4 

Let  (N^Ng)  be  an  index  pair  for  the  isolated  invariant  set  S  in  the  metric  local 
flow  X  C  T  and  let  g  :  N-j  +  [0,1]  be  the  Lyapunov  function  of  Lemma  5.3.  Then  we  can 
replace  Ng  by  Ng  =  (y  e  N^|g(y)  <  e}  and  it  follows  from  Lemma  5.2  that  (N.,,Ne)  is  a 
regular  index  pair  for  S  in  X  in  the  sense  of  Definition  5.1. 


5.2.  A  COEXACT  SEQUENCE 

Let  S  be  an  isolated  invariant  set  in  the  metric  local  flow  X  (_  T,  let  A  be  an 
attractor  in  S  and  let  A*  be  the  complementary  repeller.  Then  it  follows  from 
Corollary  4.4  that  there  exists  a  filtration  Ng  C.  C  N-,  of  compact  sets  in  X  such 
that  ( N 2 , Ng )  is  an  index  pair  for  S,  (N1rNg)  is  an  index  pair  for  A  and  (N2,Ni)  is 
an  index  pair  for  A*.  By  Remark  5.4,  we  can  assume  without  loss  of  generality  that  the 
index  pair  (N2,N-|)  is  regular.  Hence  the  function  T  :  N2  +  [0,»)  defined  by 


(5.6) 


T(Y)  = 


sup  {t  >  0  |  Y*  [0,t]  L  n2\n1),  Y  e  NjVj, 
0  ,  Y  e  N,  , 


for  Y  S  N2  is  continuous  and  the  pair  N2/Ng,  N^/Ng  of  pointed  spaces  with  the  natural 
inclusion  l  :  N^/Ng  *  N2/Ng  is  an  NDR-pair.  In  fact,  the  functions 
r  :  N2/N0  x  [0,1]  *  N2/Ng  and  a  :  N^/Ng  ♦  [0,1]  defined  by 
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metric  local  flow  X  C  r.  Furthermore,  let  Nn  i-  N«  C  N<>  be  a  filtration  of  compact  sets 


in  X  such  that  (N0,Nrt)  and  (N«#Nn)  are  index  pairs  for  S  and  A,  respective! 


N,  -  N1  X  [-1,1] ,  NQ  -  N0  *  [-1.1]  U  N1  »  {-1,1}  . 

These  two  spaces  define  an  index  pair  for  the  isolated  invariant  set  S  •  S  *  0  in  the 
local  flow  X-Xxntr-rxR  where  the  flow  on  7  is  defined  by 
<Y,£)*t  »  (Y*t,5et>  for  Y  e  T  and  £,t  e  R. 

Note  that  each  of  the  maps  in  the  sequence  (5.10>  induces  a  morphism  between  the 
corresponding  connected  simple  systems.  We  denote  these  morphisms  still  by 
t  :  1(A)  ♦  I(s),  *  :  I(S)  ♦  I(A*)  and  5  s  l(A  )  ♦  EKA),  respectively.  Hence  we  get 
the  following  coexact  sequence  of  connected  simple  systems 

(5.11)  1(A)  — — ♦  I(S)  — 2-*  x  ( A*  )  — 5—*  El(A>  — £i(S)  — Si—*  •••  . 

The  whole  point  in  this  section  is  that  this  sequence  is  independent  of  the  choice  of  the 
particular  index  filtration.  More  precisely,  we  prove  the  following  theorem  ( compare 
KURLAND  [7]). 

THEOREM  5.7 

Let  A, A*  be  an  attractor-repeller  for  the  isolated  invariant  set  S  in  the  metric 
local  flow  X  L  T.  Furthermore,  let  Ng  C  N1  L  N2  be  a  filtration  of  compact  sets  in 
X  such  that  (N2,N0)  and  (N^Ng)  are  index  pairs  for  S  and  A,  respectively,  and 
(N2,Ni)  is  a  regular  index  pair  for  A*.  Then 

(i)  the  injection  l  :  N^/Ng  ♦  N2/Nq  induces  a  morphism  between  I(A,X)  and 
I ( S ,X >  which  is  independent  of  the  choice  of  the  filtration. 

( ii)  the  projection  t  :  Nj/Ng  ♦  N2/Nj  induces  a  morphism  between  I(S,X>  and 


I ( A  ,X)  which  is  independent  of  the  choice  of  the  filtration,  and 


(iil)  the  connection  map  6  :  +  r»1/N0  defined  by  (5.9)  and  (5.6)  induces  a 

morphism  between  I(A*,X>  and  £l(A,X)  which  is  independent  of  the  choice  of  the 
filtration. 

PROOF;  Let  50  c  5,  C  R  b®  another  filtration  of  compact  seta  in  X  such  that 
( N 2  * Nq  )  and  **%,5g)  are  index  pairs  for  S  and  A,  respectively,  and  (Nj.N^)  is  a 
regular  index  pair  for  A*.  Furthermore,  let  T  :  5^/fig  ♦  *  :  **2^0  *  **2^1' 

S  :  N2/N,  ♦  EN1/ii0  denote  the  associated  maps  and  let  T  s  N2  ♦  [0,“)  denote  the 
"entrance-time"  for  the  subset  fi^,  defined  analogously  to  (5.6). 

In  order  to  prove  statement  (i),  choose  T  >  0  such  that  the  implications 


(5.12) 

(5.13) 

(5.14) 

(5.15) 


c.  n  \ji  =-=>  y  e  5 ^ \nq  , 


Y*(-T,T)  L  51\nq  — »>  Y  e  N^Ng  , 


Y*  r-T,T]  c  n2\n0  »=■«>  Y  e  52\n0  , 


Y*[-T,T)  c  n2\nq  — >  Y  e  n2\nq  , 


satisfied  and  let  f*  :  Nj/Ng  ♦  fi.,/fig  and  g*  :  Nj/fig  *  f^/Kg  1,6  defined  by 


(5.16) 


ffc( [Yl > 


|  ( Y*  3t)  ,  Y*  [0,2tJ  <-  N^Ng,  Y*  (t ,  3t)  t-  fi^fig  , 
[fig),  otherwise,  Y  S  N1  , 


(5.17) 


9t([Yl) 


[ Y * 3 1 1 ,  Y* (0,2t)  C  52\5g,  Y*  [t,3t)  C  N2\nq  , 


(N0) ,  otherwise,  Y  6  N  , 


both  for  t  >  T.  Then  we  have  to  show  that  g*  o  7  o  ffc  •  N.j/Ng  ♦  N2/Ng  is  homotopic  to 
the  canonical  injection  l  :  ^/Ng  ♦  N2/NQ.  In  fact,  it  follows  from  (5.12-15)  that  for 
every  Y  e  N.  and  every  t  >  T 


Y*  [ 0 , 2tl  e  I^XNq,  y*  It ,  3t]  c  n1\nq  , 
Y*[3t,5t]  C  N2\fiQ,  Y*[4t,6t]  C  N2\nq  , 


is  equivalent  to  Y*  (0,6t]  C.  N2^N0"  Hence 


qt  o  i  o  f  <•(  (y)  )  = 


[yfit] ,  y*  [o,6t]  l  n2\nq 

tNg],  otherwise,  Y  e 


It  follows  from  Lemma  4.7  that  this  map  is  homotopic  to  1  :  N^A’q  ♦  Thus  we  have 

established  (i). 

In  order  to  prove  (ii),  suppose  that  the  implications  (5.14),  (5.15)  and 


(5.ie)  y*[-t,t)  <_  n2\n1  ===>  Y  e  S2\S1  , 

(5.19)  Y*t-T,T]  C  S2\ni  ===>  Y  P  N2\ni  , 

are  satisfied,  let  qfc  :  N2/NQ  ♦  N2/Nq  ^e  <lefine<J  bY  (5.17)  and  h*  :  N2/N1  ♦  1^/N.j  bY 


,  [Y*  3t)  ,  Y*  [  0, 2t]  (_  N,\n  ,  Y*  (t ,  3t)  L  N  \S 

ht((Y])  =  21 


[N.^1,  otherwise,  Y  t  N2  , 


both  for  t  >  T.  Then  we  have  to  show  that  hb  o  r  o  gfc  :  N2/NQ  +  ^2^1  *s  boraot°pic  to 
the  canonical  projection  if  :  N2/Ng  +  ^2^1'  *n  ^act'  f°H°ws  from  (5.14-15)  and 

(5.19-19)  that  for  every  Y  e  an<,  every  t  >  T 


Y *  t0 , 2t]  t  52\i50,  Y*  (t  ,3t]  L  N2\NQ  , 
Y*  [3t,5t]  L  l,2\Nr  Y*  (4t  ,6t]  t-  N^N.,  , 


is  eauivalent  to  Y*C0,6t]  <-  ^2^1'  Hence 
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hfc  O  It  o  gfc(  [y]  ) 


tr*6t]  ,  Y*  [0,6tl  t.  N2\ni 
[N ^ 1 ,  otherwise,  Y  e  • 


It  follows  again  from  Lemma  4.7  that  this  map  is  homotopic  to  n  :  Nj/Ng  ♦  '^'^s 

proves  statement  (ii). 

In  order  to  prove  statement  (iii),  choose  T  >  0  such  that  the  implications  (5.12- 
15)  as  well  as  (5.18-19)  are  satisfied,  let  h*  :  N2/N.,  +  ^2*^1  be  def*ne,,  hY  1 5 . 20 ) 
and  f*  :  ^/Ng  ♦  Nt/N0  by 


(5.21) 


f*( [ Y I  )  = 


[ Y *  3 1 ]  ,  Y*[0,2t]  (.  5,^,  Y*  tt ,  3t]  <-  N1\N1  , 
[N0] ,  otherwise,  Y  e  , 


both  for  t  >  T.  Then  we  have  to  show  that  £ffc  °  3  °  hb  :  N  /Nj  *  El^/Ng  is  homotopic 
to  6.  First  of  all,  it  follows  from  Lemma  4.7  that  the  map  6=6®  is  homotopic  to  the 
map  6fc  :  N2/N1  *  5-N1/N0  which  is  defined  by 


{‘([YD  - 


[ Y* ( 6t+T (Y*3t)),1-T(Y*3t)),  if  Y* [0,3t]  C  N  Vllj  , 
0  <  T (Y* 3t)  <  1  and  Y* [0,6t+T (Y* 3t ) ]  (.  N2\nq 
[Nq  *  0) ,  otherwise,  Y  6  N2  • 


A  homotopy  between  If*"  o  5  o  gfc  and  6fc  is  given  by  the  family  of  maps 
F°  !  t,  /H  *  St^/Ng,  0  <  o  <  1,  defined  by 


F°( (Yi  ) 


(YM6t+Ta(Y)),1-TC(Y)],  if  Y*[0,2t]  L  N  \N 
0  <  T°(Y)  <  1,  and  Y*  [0 ,6t+T° (Y  ) )  C  N^Ng 
[N0  *  0) ,  otherwise,  Y  S  N2  » 


> 


i 


I 


■v 

» 


where 


T°CY)  *  +  <jr(r*t>  -  2t,  Y*  10, 2t]  C  NjXn,  • 

Note  that  T(Y-t)  makes  sense  since  Y*(0,2t]  C  N^Xt'^  implies  that  Y*t  fi  NjXn^.  of 
course,  ~  6^.  Furthermore  it  follows  from  (5.13-15)  and  (5. IB)  that  for  all 

Y  e  N2  and  all  t  >  T 


Y* [ 0, 2t ]  C  N2\N,,  2t  <  T(Y*t)  <  2t  +  1  , 
Y*  (0,6t+T(Y*3t)l  C  N2\NQ  . 


is  equivalent  to 


Y* [0,2t]  C  N2\ni,  Y*  tt ,  3t]  C  N2\51  , 

0  <  T  ( Y‘  3t )  <  1,  Y*  [3t+T  ( Y*  3t)  , 5t+T ( Y*  3t ) )  (-  S^Np  , 
Y*  [4t+T  ( Y*  3t )  ,6t+T  ( Y  “  3t ) )  C  N^Ng  . 


This  implies  that  F°  =  Jft  °  5  °  gfc.  Hence  it  remains  to  show  that  F°  is  continuous  on 
the  domain  ^^1  *  (0,1].  We  prove  this  for  the  case  t  >  2T  and  t  >  1  in  seven 
steps . 


Step  1:  If  Y*[0,2t]  t.  N2\n.,  and  *  *  2T*  then 

|  T(Y* t )  -  T(Y*t) |  <  T  . 

PROOF;  First,  Y*  ( 0 ,  t+T  ( Y*  t )  )  k_  N2\ni  and  hence  Y*  [T, t-T+T  ( Y*  t )  )  C  NjXi^,  by  *5'18*’ 
This  implies 


T(Y*t)  >  T (Y * t )  -  T  >  T  . 


U  l"  L"  l  ■  IP 


Furthermore,  Y*  (T,t+T(yt)  )  C  P  and  hence  Y*  [2T,t-T+T  (Y- 1 )  )  C.  N  \w  ,  by  (5.19) 

This  shows  that 


T(Y’t)  >  T(Y*t)  -  T  . 

Step  2:  If  t  >  2T,  Y*(0,2t]  C.  and  0  <  T°(Y)  <  1,  then 

2t  -  ( 1-0 )T  <  T (Y*t)  <  2t  +  ( 1-0 )T  +  1  , 
2t  -  OT  <  T(Y*t)  <  2t  +  OT  +  1  . 

PROOF:  Since  T(Y*t)  <  T(Y*t)  +  T  (Step  1 ) ,  we  have 

0  <  T°(Y)  <  (l-O)T(Y't)  +  0 (T+T ( Y * t ) )  -  2t 
=  T(Y*t)  +  OT  -  2t 


and 


1  >  T°(Y)  >  (1-0)(T(Y*t)-T)  +  OT(Y't)  -  2t 
=  T (Y* t)  -  ( 1 -O )T  -  2t  . 

Since  T(Y’t)  >  T(Y*t)  -  T,  we  get 


1  >  Ta(Y)  >  (l-O)T(Y’t)  +  o(T(Y't)-T)  -  2t 
»  T(Y*t)  -  2t  -  OT 


and 


0  <  T°(Y)  <  (1-0)(T(Y’t)+T)  +  OT(Y't)  -  2t 


=  T  (Y •  t )  +  ( 1  -0  )T  -  2t 


step  3: 

If  r ( t ,  < 

3t  -  1 1-0 )T, 

then  F° 

:  N2/N, 

*  Vo 

is  continuous  at  (lyl,d). 

PROOF: 

Choose  a  neA 

ghborhood  W 

of  (y,o) 

in 

*2 

*  [0,1) 

such  that,  whenever 

( r  * ,  J 1 

1  /  €  V,  then 

7 ( y  '  ,  <  3t  - 

(  1-0' )T. 

Then 

it 

follows 

from  step  2  that  either 

y  io, 

r  2t  j  *  N2\N  , 

0 

<H 

Q 

-< 

m 

(0,1).  Hence 

F° 

’  ( [y’l )  - 

[Nq  x  o]  for  all 

(y • ,o' 

)  e  w. 

Step  4i  From  now  on  we  can  assume  that  T(y)  >  3t  -  (1-0)T  and  hence 

( 5.22  ,  y ( 0 , 2t)  L  Nj\ni  . 

o 

If  15.22,  i s  satisfied  and  t  (y>  f  (0,1),  then  the  function  F  is  continuous  at 

(  :  y  j ,  o  i . 

PROOF:  First  note  that  F° (  ( y )  )  «  (N^  *  0}.  Secondly,  note  that  the  function  T°(y) 

continuous  on  the  domain  {(y,0)  6  <  [0,  1 1  I y •  [0 , 2t J  f,  »  *(}.  Hence  for  every 

t  >  0,  there  exists  a  neighborhood  W  of  (y,0)  in  N2  x  [0,1]  such  that,  whenever 

0  * 

(y*  ,0'  )  e  w,  then  y'*[0,2t)  (•  N-,  «  g  and  T  (y* )  0  [e,1-e] .  This  proves  Step  4. 

Step  5:  From  now  on  we  can  assume  that  (5.22)  is  satisfied  and 

(5.23)  0  <  T°(Y)  <  1. 

If  moreover  y  •  [0 ,6t+x°(  y  > )  cKN^Ng),  then  F  is  continuous  at  ([y],o>. 

PROOF:  There  is  a  t*  <  6t  +  T°(y>  such  that  Y*t  0  c1(N2\nq).  Hence  there  is  a 
neighborhood  W  of  (Y,o>  .in  N2  x  [0,1)  8uch  that,  whenever  (y*,o')  e  W,  then 
y  '  •  [0 , 2t)  C.  N2\Ni(  0  <  t°  ( r  ' )  <  I,  t*  <  6t  +  T°  ( y  ’  > ,  and  y*t*  e  c1(N2\n0).  Hence 

FCT ’ ( t y ’ J  >  =  [Nn  x  01  for  all  (y’.o’)  e  w. 


is 


-47- 


then  F  is 


Step  6  :  If  (5.22)  and  (5.23)  are  satisfied  and  if  Y*  [ 0 , 6t+t°  ( Y  ) )  <- 
continuous  at  ((Yl,o). 

PROOF:  First  note  that,  by  Step  2,  T(Y)  <  3t  +  (1-o)T  +  1  <  4t  +  1  and  therefore 
Y*(6t+T°(Y))  e  N1  (recall  that  t  *  1).  Now  let  U  be  a  neighborhood  of  Y*(6t+T 
in  T.  Moreover,  choose  a  neighborhood  V  of  Y*(6t+T°(Y)  >  in  T  and  an  e  >  0 
that 


0  (Y  ) ) 
such 


v. [-e,c]  C  U,  Y* [0,6t+T°(Y)+E]  C  N2\n0 
(t° (y )-£ ,T° ( y )+e )  <-  (0,1)  . 

Then  there  exists  a  neighborhood  W  of  (Y,o)  in  ^2  x  [0,1],  such  that,  whenever 
(Y' ,0' )  e  W,  then 


Y ' *  (0, 2t  1  C  N^f^,  Y'*  r0,6t+T°(Y)+e)  C  N2\nq 
|  XCT  * ( Y ■ )  -  T0(Y)|  <  E,  Y ' * (6t+T° (Y ) )  e  V  . 

Then  we  get  Y'*[0,2t]  C  N2\N1 ,  0  <  T0'(Y')  <  1,  Y '• [0,6t+T° ' ( Y ’  ) )  C  N2\nq  and 
Y ' • (6t+T°  (Y  '  ) )  e  U, | T° ' ( Y ' )  -  Ta(Y)l  <  e  for  all  (Y',0')  e  W  and  hence 

f0'((y'1)  =  fr  * • (6t+T0'  (y’  ) ), 1-t0'  (y'  )]  e  (o  n  x  [i-T°(Y)-e,i-T°(Y>+e]  . 

This  proves  Step  6. 


Step  7;  If  (5.22)  and  (5.23)  are  satisfied  and  if  Y* [0,6t+T° (Y )  ]  C  c1(V2\no), 
Y*(6t+T  ( Y ) )  e  N0,  then  F  is  continuous  at  ((Y],o). 

PROOF:  Note  that  ( [ Y ] >  =  [N^  x  0]  and  choose  a  neighborhood  (U)  of  [Nq]  in 

N i /Nq •  Then 


u  =  ( (u]  r.  n ^  \nq  )  u  nq  u  (  t\n1  ) 


» 


9 
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is  a  neighborhood  of  Nq  in  T  and  satisfies 

[ui  *  (u  r,  n^Nq)  u  [n0]  ® 

Now  choose  a  neighborhood  V  of  N0  in  T  and  an  e  >  0  such  that  V* [-e,c]  L  0.  Then 
there  exists  a  nieghborhood  W  of  <Y,a)  in  N2  *  f0'1^  auch  that  *h®n®v®r 


(Y  '  ,o‘  )  e  W,  then 


Y*  •  [0, 2t]  e  N2\N1#  0  <  T°  ( Y  ■  >  <  1  » 

I  T°(Y)  -  t°’(y,)|  <  e.  Y 1  * I6t+T° ( Y  ) )  e  V  . 


obtain  y 1  * [0 , 2t ]  C  0  <  Ttf’(Y'>  <  1.  Y ' • ( 6t+x° ' ( Y ' )  )  e  U  and  therefore 


F0'([Y,1)  «  {[Y,‘(6t+T<’,(Y,)).1-T°,(Y,)],[N0  *  0] } 
C  (U  f,  x  [0,1]  U  [Nq  x  0] 


[U]  x  [0,1] 


for  all  (Y',0')  e  W. 

This  proves  Theorem  5.7. 
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6.  CONTINUATION 


The  aim  of  this  section  is  to  establish  the  invariance  of  the  Conley  index  for 
isolated  invariant  sets  under  (small)  perturbations  of  the  flow.  For  this  purpose  we 
first  collect  some  elementary  properties  of  parametrized  flows  and,  in  particular,  make 
precise  what  we  mean  by  continuation  of  isolated  invariant  sets  (compare  CONLEY  (3, 
Chapter  IV. 1 ] ) . 


6.1.  PARAMETRIZED  FLOWS 

Throughout  this  section  we  shall  assume  that  A  is  a  compact,  locally  contractible, 
connected,  metric  space  and  X  is  a  locally  compact  metric  space.  Furthermore,  we  assume 
that  f  is  a  flow  and  X  x  A  L  T  is  a  local  flow  with  the  property  that  if 
(x,X)*t  e  X  x  A,  then  (x,A)*t  e  X  x  X  for  all  x  e  X,  A  e  A,  t  e  R.  Then,  of  course 
X  x  X  (_  T  isa  local  flow  for  every  A  e  A.  We  will  always  denote  by 

*X  '*  x  X  A  *  X,  :  X  X  A  ♦  A 

the  canonical  projection  maps. 

LEMMA  6.1 

For  any  compact  set  N  C  X  the  set 

A(N)  *  {A  e  A|n  x  X  is  an  isolating  neighborhood  in  X  x  X} 


1 s  open  i n  A. 

PROOF:  Suppose  that  there  is  a  X  e  A,  a  sequence  A^  e  A  converging  to  A  and  a 
compact  set  N  l_  X  such  that  N  x  X  is  an  isolating  neighborhood  in  X  x  A  but  N  x  X^ 
is  not  an  isolating  neighborhood  in  X  x  X  .  Then  there  exists  a  sequence 
Xy  <*  N  (  c  1  ( X \n )  such  that  (x^.X^l^R  C  N  x  X^  for  all  k  6  N.  Any  limit  point 
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x  e  N  f  cl(x\N)  of  x^  satisfies  (x,A)*R  C  N  x  A  contradicting  the  fact  that  N  x  A 
is  an  isolating  neighborhood  in  X  x  A.  | | | 

Let  us  now  introduce  the  set 

s  *  (S  X  A I A  e  A,  sex  compact,  S  x  \  is  an 
isolated  invariant  set  in  X  x  A) 

of  isolated  invariant  sets  in  X  x  A.  For  every  compact  set  N  L  X  let  us  define  the  map 

ov,  :  A(n>  ♦  S,  <J ,( Aj  =  I  (N  x  A)  . 

N  N 

Then  we  consider  on  the  space  S  the  topology  which  is  generated  by  the  sets 

{a^fUjlN  L  X  compact,  0  C  A(N1  open}  . 

Note  that  S  is  not  necessarily  Hausdorff  as  the  following  example  shows. 


LFMMA  6.2 


Let  N,N  be  compact  subsets  of  X  and  let  U  C.  A(N)  and  U  C  A  ( N )  he  open.  Then 
the  following  statements  hold. 

(i)  A(N,N)  =  {X  e  A(N)  r  A(t5 )  1 1 < N  X  X)  =  KN  X  X)}  is  open  in  A. 

(ii)  0  (U)  fi  O  (5)  =  fi  U  (i  A(N,N)). 

N  »  N 

N 

(iii)  0^  :  A(N)  +  S  is  continuous. 

PROOF:  (i)  let  X  e  A(n)  f .  A ( N )  such  that  I(N  x  X)  =  I(i3  x  X)  and  suppose  that  there 
exists  a  sequence  X^  converging  to  X  with  X^  e  A(N)  f,  A(N)  and 
I(N  x  Xk)  ^  I(N  x  Xk).  Let  xk  e  X  such  that  ( ,Xfc )  e  I(N  x  Ak>\l(N  x  Xk ) .  Let 
tk  e  R  such  that  (xk  ,Xj_ )  •  tk  (!  H  x  X^.  Let  y  e  X  be  chosen  such  that  (y,X)  is  a 
limit  point  of  (xk,Xk)*tk.  Then  (y,X)*R  L  5  x  x  and  hence  (y,X)*R  (-  N  x  X  since 
I(N  X  X)  =  X(N  X  X).  But  since  *  *  **  ^  N  x  ^ ,  we  have  y  e  N  fi  cl(x\N) 

contradicting  X  e  A(n). 

(ii)  follows  from  the  definitions. 

(iii)  If  N  L  X  is  compact  and  U  C  A(N)  open,  then 

0^1(0_(U))  =  U  f!  A(N,N) 


is  open  in  A. 


The  previous  Lemma  shows  that  the  canonical  projection  map 


*A  8  S  +  A 


is  a  local  homeomorphism.  If  S  *  X  e  S  and  N  x  X  i3  an  isolating  neighborhood  for 


S  x  X  in  X  x  X,  then  the  map 


oN  s  A(N)  +  S 


is  an  inverse  of  the  restriction  of  x  ^  :  S  *  A  to  the  neighborhood 
in  S . 

REMARK  6.3 

Let  o  :  A  ♦  S  be  a  continuous  map  with  %  0  0  “  1a  an<5  let 
set.  Then  the  set 

A(N.o)  =  o_1(on(A(N)) ) 

=  {A  e  A(N)  |o(A)  =■  I(N  x  A)} 

=  {X  e  A|n  x  A  is  an  isolating  neighborhood  for 


is  open  in  A. 

Whenever  N  C  x  x  A  and  K  C  A  are  compact  sets  we  define 

N(K)  -  N  X  X  K  . 

If  N  is  an  isolating  neighborhood  for  the  isolated  invariant  set 
N(K)  is  an  isolating  neighborhood  for  S(1C)  in  X  x  K. 

LEMMA  6.4 

(i)  Let  the  function  a  :  A  ♦  5  satisfy  x  ^  °  a  “  Then 

and  only  if 


<*„  ( A  ( N ) )  of  S  x  X 

N 


N  C  X  be  a  conpact 


o(A)  in  X  x  A) 


in  X  x  A  then 


is  continuous  if 
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I 


3 

i 

► 

> 

i 


(6.1)  S  -  U  0(A) 

xeA 

is  an  isolated  invariant  set  in  X  x  A. 

( ii )  Let  o  s  A  ♦ S  and  T  :  A  S  be  continuous  functions  with  t ^  o  o  =  1^  and 
o  t  =  1^.  Then  the  function  a  fi  T  s  A  ♦  S  which  sends  XeA  into  o(X)  f,  t  ( X )  e  S 

is  continuous. 

( iii )  Let  0  :  A  S  and  a  :  A  ♦ 5  be  continuous  functions  such  that 

o  o  “  1^  and  a(X)  is  an  attractor  in  0(A).  Furthermore,  let  a  (X)  denote  the 

complementary  repeller  of  a(X)  i^  0(A)  and  let  S  C  X  x  A  be  defined  by  (6.1).  Then 

* 

a  :  A  +  S  is  continuous  and  the  sets 


(6.2)  A  -  U  a(A),  A*  =  U  a*(X> 

XeA  XeA 

form  an  attractor-repeller  pair  in  S. 

PPOOF;  (i)  Let  us  first  assume  that  S  is  an  isolated  invariant  set,  let  N  be  an 

isolating  neighborhood  for  S  in  X  *  A  and  let  Ng  x  XQ  be  an  isolating  neighborhood 

for  o(XQ)  in  X  x  XQ  such  that  Ng  x  XQ  C  (X  x  A)\cl((X  x  A)\n).  Then  there  exists  a 

compact  neighborhood  Kg  of  Xn  in  A  such  that  Ng  x  Kg  (-  N  and  Kg  C  A(NQ). 

Furthermore  we  can  choose  Kg  small  enough  such  that  S(Kg)  L  Ng  x  Kg  since  otherwise 

there  would  exist  a  sequence  (x^jX^)  e  s  such  that  X^  converges  to  XQ  and 

xk  e  x\nq  which  would  imply  that  (x0,X0)  e  a  ( AQ )  ll  c1(x\nq  x  XQ )  for  any  limit  point 

Xg  of  x^.  We  conclude  that  Ng  «  X  is  an  isolating  neighborhood  for  o(A)  in  X  x  X 

whenever  X  e  Kg  and  hence  a ( X )  =  (X)  for  all  X  e  Kg.  Now  the  continuity  follows 

U 

from  Lemma  6.2  (iii). 

Conversely  suppose  that  a  :  A  ♦  S  is  a  continuous  function  with  o  <j  =  1^.  Then 
there  exists  an  isolating  neighborhood  N(X)  x  X  for  0(A)  in  X  x  X  for  every  XeA. 


I 


» 


» 


» 


I 


Furthermore,  it  follows  from  Remark  6,3  that  the  set 


A(N ( X) ,0 )  =  (w  e  A(N(X) ) |o(w)  =  I (N ( X )  X  p ) } 


is  open  in  A  for  every  X  e  A  and  hence  there  exists  an  open  neighborhood  U(X)  of  X 
in  A  such  that  N(X)  x  y  is  an  isolating  neighborhood  for  <J(y)  in  X  x  y  whenever 
y  e  cl(U(A)).  Since  A  is  compact,  there  exists  a  finite  subcover  U(X1 ) , . . . ,0(X  )  of 
A.  Now  define  the  set 

N  =  { (x,y )  e  X  x  A|y  e  U(X^)  ===>  x  e  N( ) }  , 
n 

Then  N  is  a  closed  subset  of  U  N(X.)  x  A  and  therefore  N  is  compact.  Moreover,  if 

3=1  3 

(x,y)  e  S,  then 

U  =  fi  U(X.)  f,  fl  A\U(X  ) 

yeutX^)  3  y?cl(U(X.>)  3 

is  a  neighborhood  of  y  in  A, 

W  -  0  N(  X  ) 

yeci(u(x.n  3 

is  a  neighborhood  of  x  in  X  and  W  x  u  L  N.  Therefore  N  is  a  neighborhood  of  S 
in  X  x  A.  Finally,  S  =  I(N)  since  (x,y)*RC  N  and  y  e  U(X^)  imply  that 
(x,y)*R  C  N(X^)  x  y  and  thus  (x,y)  e  0(y). 

(ii)  Choose  compact  sets  Hj  t  X  and  Nj  i  X  such  that  N^  x  Xp  and  Nj  x  Xp  are 
isolating  neighborhoods  for  0(Xp)  and  T(X  ),  respectively,  in  X  x  Xp.  By  Remark  6.3, 
there  exists  a  compact  neighborhood  Kq  of  Xp  in  A  such  that 
K0  c  A(N1(o)  fl  A(N2,t).  Hence  Nv  fi  N2  x  X  is  an  isolating  neighborhood  for 
o(X)  fi  t  ( X )  in  X  x  x  whenever  X  e  Xp.  This  implies  that  a  fi  T  ( X )  =  ^  (X)  for 

every  X  e  Kg  and  thus  the  continuity  follows  from  Lemma  6.2. 
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(iii)  Choose  compact  sets  N1  C  n2  (_  X  such  that  N1  *  AQ  and  N2  *  AQ  are 
isolating  neighborhoods  for  a(Ag)  and  o(Ag),  respectively,  in  X  x  Xg.  By  Remark  6.3, 
there  exists  a  compact  neighborhood  Kg  of  Xg  in  A  such  that 

Kg  C  A(Nj,a)  fi  A(n2,o).  Then  it  follows  from  Lemma  3.2  (vi)  that  N*  x  X  =  cMNjVn^)  x  X 

« 

is  an  isolating  neighborhood  for  a  (A)  in  X  x  X  whenever  A  e  Kg.  Hence 

* 

a  (A)  =  a  #(A)  for  A  e  Kg  and  therefore  the  continuity  follows  again  from  Lemma  6.2. 

N 

Furthermore  it  follows  from  (i)  that  A  and  A  as  defined  by  (6.2)  are  compact 
subsets  of  S  with  A  fl  A*  =  «f.  Hence  there  exists  a  neighborhood  U  of  A  in  S  such 
that  cl(U)  l\  A*  «  <S.  If  (x,A)*(-“,0)  C  U  then  (x,A)  e  0(A)  and  u  (x,A)  fi  a  (A)  =  *4 

and  therefore  (x,A)  e  a(A)  C  A  (Lemma  3.2).  By  Lemma  3.1,  this  implies  that  A  is  an 

attractor  in  S.  It  follows  again  from  Lemma  3.2  that  its  complementary  repeller  is  given 
by 

A*  -  U  a*  ( X )  -  { ( X, X  >  e  s|u(x,A)  f,  A  «  *$}  .  Ill 

xeA 

In  some  situations  it  might  be  useful  to  consider  general  maps  T  :  A  ♦  S  such  that 
o  t  !  A  ♦  A  is  not  necessarily  injective.  This  can  be  reformulated  within  the 
framework  of  this  section  by  considering  X  *  6  as  a  local  flow  in  A  x  A  where 
(x,£)  e  X  x  A  is  identified  with  the  triple  (x,t^  °  eXxAxALTxA. 

Introducing  the  space 


S.  *  (s  «  X  *  5lC  e  4,  s  «  X  e  s,  A  ■  i.  o  t(5)} 

A  A 

endowed  with  an  analogous  topology  as  S ,  it  is  then  easy  to  see  that  the  map 
T,  :  A  *  S.  defined  by  t.(5>  =  t(£)  x  5  for  (  e  4  is  continuous. 


At  the  end  of  this  section  we  point  out  that  some  global)  phenomena  cannot  be 
described  within  the  framework  of  product  flows  X  x  A.  An  example  for  such  a  situation 
is  the  flow  on  a  Moebius  strip  which  is  illustrated  in  the  diagram  below  and  involves  a 
change  of  orientation  in  the  space  X. 


In  such  cases  it  might  be  useful  to  consider  a  local  flow  on  a  (locally  trivial)  fibration 
instead  of  the  product  space  X  x  A.  This  could  be  a  problem  for  future  investigations. 

6.2.  LOCAL  CONTINUATION 

In  this  section  we  are  going  to  prove  a  local  continuation  theorem  for  the  Conley 
index  of  isolated  invariant  sets.  The  result  has  been  formulated  in  CONLEY  [3]  but  the 
proof  is  only  roughly  sketched.  A  complete  but  rather  complicated  proof  can  be  found  in 
KURLAND  [BJ .  We  present  a  simplified  proof  which  is  based  on  the  results  in  section  4.2. 

Throughout  this  section  we  will  adopt  the  notation  of  section  6.1  and  assume  in 

addition  that  o  :  A  ♦  S  is  a  continuous  map  with  o  o  »  1^  and  that  the  isolated 

invariant  set  S  in  X  x  A  is  defined  by  (6.1).  Note  that  for  any  index  pair  (N^ ,Ng ) 

for  S  in  X  x  A  and  for  any  compact  set  K  C  A  the  sets  (H^ (X) ,Nq(K)  )  form  an  index 
pair  for  the  isolated  invariant  set  S(K)  in  X  x  k. 

The  local  continuation  theorem  now  consists  of  two  parts.  The  first  and  easy  part  is 
to  show  that  for  any  index  pair  (N^,Ng)  for  S  in  X  x  A  the  canonical  injection  map 


j(X)  :  N^(X)/Njj(X)  +  Nt/N0  induces  a  morphism  between  the  corresponding  connected  simple 
systems  which  is  independent  of  the  choice  of  the  index  pair  (Proposition  6.5).  The  main 
part  is  then  to  show  that  this  morphism  is  in  fact  a  local  isomorphism  (Theorem  6.7). 

These  facts  will  then  be  used  to  obtain  a  continuation  result  for  the  coexact  sequence  of 
section  5  which  is  associated  with  an  attractor-repeller  pair  in  S  (section  6.4). 


PROPOSITION  6.5 

Let  ( N i , Nq )  be  an  index  pair  for  S  in  X  x  A.  Then  the  canonical  injection  map 
j  <  X )  :  N1<X)/Ng(X)  ♦  Nj/Nq  induces  a  morphism  between  the  connected  simple  systems 
I ( o ( X ) , X  x  X )  and  I ( S , X  x  A )  which  is  independent  of  the  choice  of  the  index  pair. 


PROOF:  Let  '  (N^Np)  be  another  index  pair  for  S  in  X  x  A,  choose  T  >  0  such  that 


(x,U)*(-T,T]  c  Nf\N0  *”>  (x,u)  e  Nf\N0  , 
(x,U)-["T,T]  C  N^Ng  =“>  (x,W>  e  \nq  , 


and  define  the  maps  ffX)*"  •  ^  ( X  )/Ng  ( X )  ♦  N^Xj/N^lX)  and  g*1  :  ♦  N1/nq  by 


f(X)t(x,X] 


[(x,X)*3tl,  ( x,X ) •  [0 , 2t)  L  (x,X)»  [tf  3t)  (_  N^Nq  , 

(NQ(X)1,  otherwise,  (x,X)  e  N^IX)  , 


gt(x,u) 


[  (  x,  U  )  •  3t]  ,  (x,u)*[0,2t)  L  N  ^  \nq  ,  ( X,  (J )  •  [t  ,3tl  t  , 

[Ng],  otherwise,  (x,y)  e  N1  , 


for  t  >  T.  Then  the  composed  map  gt  o  j(X)  o  f(X)fc  :  N^Xl/NgfX)  ♦  n^/Nq  is  given  by 


gt  O  j(X)  O  = 


l(x,»)*6t],  (x,X).[0,6t)  r  n^N0 

[Nq] ,  otherwise, 

for  (x,X)  «?  ( X )  and  hence  is  homotopic  to  the  injection  j(X)  :  N^(X)/Nq(X)  *  Ni/Nq.  | 

The  next  Lemma  provides  the  crucial  step  in  proving  that  the  injection  map 
j(')  :  N^XJ/NqI')  +  N-j/Nq  is  (locally)  a  homotopy  equivalence. 

LEMMA  6.6 

Let  (N1(N0)  be  an  index  pair  for  S  ^  X  *  *  and  let  XQ  e  X  be  given.  Then 
there  exists  a  compact  neighborhood  K  of  ' g  in  X  and  times  T ^  >  2Tq  >  0  such  that 
the  following  statements  hold. 

( j )  N  x  K  is  an  isolating  neighborhood  of  S(K)  and  U  *  X  is  a  neighborhood  of 
S(K)  in_  X  x  K  where  the  sets  N  C  X  and  0  r  X  are  defined  by 

(6.3)  N  »  cHi^^OO'HgfK)))  -  wj{(c1(N1(K)Vh0(K)))  , 

(6.4)  U  *  int  f'  "jjfN^X^HgtX))  rel  X  . 

Xex 

(jj )  For  all  x  €  X  and  u,X  e  K  and  T  >  T1  the  following  implications  hold 

(6.5)  (x,U)* t-Tg.Tg)  C  N  *  K  ===>  x  e  U 

(*X((X,U)*10,T)  ),X)  C  cl(Nt(K)'N0(X))  , 

(6.6)  (x,  U  )•  [TQ  ,T)  7  V  *  K 

===>  (i>x((x,u)*T),X)*(0,T]  r  t)0  ?  ti  . 
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PROOF:  In  order  to  prove  statement  (i)  let  us  choose  isolating  neighborhoods  N_  and  N 
for  S  in  X  *  A  such  that  NjVjg  is  a  neighborhood  of  f)  in  X  x  A  and  N  is  a 
neighborhood  of  cKN^N^)  in  X  x  A  (Lemma  3.7).  By  Remark  6.3,  there  exists  a  compact 
neighborhood  K  of  A  in  A  such  that  K  t-  A.{ ( t4(  Ag  )  )  ,0 )  U  A(x ^(N(  )  )  ,o  ) .  This 
implies  that 

V-(Ao>)  x  K'  x  K 

are  isolating  neighborhoods  for  S(K)  in  X  x  x.  Furthermore  we  can  choose  K  small 
enough  such  that 

(6.7)  *x(N(A0))  x  x  C  , 

(6.8)  *x(N1{X)\N0(A))  L  xx<5(A0))  V  A  e  K  . 

The  first  inclusion  is  obvious  since  N(AQ)  is  contained  in  the  interior  of  N-j\Nq 
relative  X  x  A.  If  (6.8)  would  not  hold  for  any  neighborhood  K  of  Afl,  then  there 
would  exist  a  sequence  (x^.A^)  e  Ni^No  such  that  Ak  tends  to  AQ  and  (x^.Ag)  0  N. 

But  then  any  limit  point  xQ  of  xk  would  satisfy  (Xg,Ag)  e  c1(H^\Nq ) ,  and 
(Xg.Ag)  e  cl( (X  x  A)\n),  contradicting  the  fact  that  N  is  a  neighborhood  of 
c1(N^\Nq)  in  X  x  A.  From  (6.7)  and  (6.8)  we  conclude  that 

FX(N(A0))  C  fx(N1(A)\no<A)  )  c  *x(ii(A0)) 

for  all  A  e  K.  This  proves  statement  (i). 

In  order  to  prove  statement  (ii),  let  us  choose  the  compact  neighborhood  X  of  Ag 
in  A  as  in  (i).  Then  it  follows  from  Lemma  4.6  that  (6.5)  holds  for  some  Tq  >  0. 
Furthermore  note  that  once  (6.6)  is  satisfied  for  some  T  =  Ty  >  2Tq ,  then  it  holds  for 
all  T  >  T.  since  the  first  condition  in  (6.6)  together  with  (6.5)  guarantees  that 


(x,u)» [T0,T-T01  C  U  x  K.  Now  suppose  that  (6.6)  does  not  hold  for  any 
T  =  T.)  >  0  and  any  neighborhood  of  )g  in  A.  Then  there  would  exist  sequences  xk  C  X 
€  K,  uk  e  K,  Tk  >  2T0,  tk  e  (T0>Tk]  such  that  Tj,  tends  to  infinity,  Xk  and  uk 
tend  to  XQ  and 

<6-9)  (xx((xk,uk)» (0,Tk]),Xk)  C  cl(N1 (K)\N0(K) )  , 

(6.10)  (xk,uk).tk  t  U  x  K  , 

,6‘,1)  'V'VW'V'O'V  C  N1VN0  • 

It  follows  from  (6.9)  and  (6.5)  that  tTo'Tk"'rO^  ^  0  *  K  ana  ther*for« 

tk  >  Tk-T0.  Now  let  x0  M  N  be  a  limit  point  of  *x(  (xk ,uk)»Tk>  and  let  r  >  0  be  a 
limit  point  of  Tk  -  tk.  Then  it  follows  from  (6.9)  and  (6.11)  that 
<x0,X0).KC  cKM^Hq)  and  hence  (x0,XQ)  e  S.  But  it  follows  from  (6.10)  that 
(x  ,Xq)»(-t)  if  (J  x  K  contradicting  the  fact  that  S(K)  C  0  x  K.  ||| 


THEOREM  6.7 


Let  (*1fM0)  be  an  index  pair  for  S  jLn_  X  x  A,  let  >.  e  *  be  given  and  let  X 


be  a  compact,  contractible  neighborhood  of  >n  in  A  which  satisfies  the  conditions  of 


(6.12) 


fK0)(x,u]  = 


l  (»x(  (x,u)*3T)  ,»  )«T)  ,  if  (X.H)-  [0,2T]  C  N1^N()  , 


l  [N0(X,,< 


(»x((x,u)«  (T.3T1  )  ,X)  C  , 

<”x  <  (x,u)»3T)  ,X  )•  [0,T]  C  N1'Nq  , 
otherwise  , 


for  ( x , u )  e  N ,  ( K )  is  a  homotopy  inverse  of  j  ( X  ) . 


PROOF:  First  note  that  the  composed  map  f  <  1 )  o  j(X)  :  N,)  ( X  )/NQ  (  X  )  ♦  N1  < '  )  /NQ  ( >  )  is 

given  hy 


[<x,X)*4T],  if  (x,X).  [0,4T]  C  N  \Nn 
f(X)  o  j (X  )  (x,>)  =  j  10 

i  (N0(X)]  ,  otherwise  , 

for  (x.X)  e  N^(X)  and  it  follows  from  Lemma  4.7  that  this  map  is  homotopic  to  the 
identity.  In  order  to  show  that  j(l)  o  f(>)  is  also  homotopic  to  the  identity  we  make 
use  of  the  fact  that  K  is  contractible  which  means  that  there  exists  a  function 
r  :  K  *  {0,1]  ♦  K  such  that 

(6.13)  r ( u ,0  )  «  u,  r (u,  1 )  =  X  V  |i  e  Jt  . 


Now  we  define  the  map  F  :  N,  (K)  /Nq  (X  )  x  f  0 , 1  I  *  N^  (K)/>Iq  (K )  by 


F(  [x.u]  ,n 


[("  ((x,U)»3T),r(U,r)>'T]  ,  if  (x,1l)»  [0.2TJ  r  N  Xh  , 

A  1  0 

<”x(  <x,u)*  [T, 3T]  ,r(u  ,r  ) )  C  N^N  , 
(i*x((x,u)OT),r(u,r))*  [0,T]  C  N^X  Nq  , 
(Ng(K)l,  otherwise  , 


for  (x.u)  P  N,(K)  and  r  e  (0,1).  Then  it  follows  from  (6.13)  and  (6.12)  that 


1 


’'J 


i 


J 

•I 

•I 

'} 
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F  ( * ,  1 )  =  j(>)  O  f  (  X )  and  that  FC,0)  :  NjOO/NqOO  +  N  ^ (K )/Nq (K  )  is  given  by 

(  [(x,li)*4T),  if  (x,u)*  (0,4T)  r  N^Nq  , 

F( [x,u) ,0)  =  j 

i  [M0 ( K ) ] ,  otherwise  , 

for  ( x ,  11 )  e  N^(K)  and  therefore  is  homotopic  to  the  identity  (Lemma  4.7).  It  remains  to 
show  that  F  is  continuous. 

In  the  following  cases  the  continuity  can  be  obtained  by  standard  arguments  as  in  the 
proof  of  Lemma  4.7  or  Theorem  5.7  (iii). 

1.  ( x,  ii )  •  [0 ,2T]  7  cltN,  (K)'nq(K)  )  , 

2.  (irx((x,li)*  (T,3TJ  ),r(U,f  ))  7  cl(N1  (K)'nq  (F) )  , 

3.  (ff  <(x,U)*3T),r(U,f ))• (0,T)  7  cl (N1 {K ) ' NQ (K  ) )  , 

4.  (*x(  (x,1i)*3T),r(U,r)  >*T  e  N0  . 

Therefore  we  can  assume  from  now  on  that 

(6.14)  ( x, u  )  •  [0 ,2T]  c  cl(N (K ) Vno (K  > )  , 

(6.15)  <"x((x,U)* tT,3T] ),r(U,c))  c  cl(N1(K)'N0(K))  , 

(6.16)  (1,x((x,u),3T)#r(u,r))*  [0,T]  C  . 

Now  Lemma  6.7  comes  in.  First  of  all,  since  T  >  2T0  it  follows  from  (6.ia)  and  (6.5) 
that  (x,u)- IT,T+Tq]  C  U  *  K  where  U  C  X  is  defined  by  (6.4).  Secondly,  it  follows 
from  (6.15),  (6.16)  and  (6.6)  that  ( x  ,U )  • tT+Tg , 3T]  C  U  *  K.  Finally,  it  follows  from 
(6.15)  and  (6.5)  that  (x,u)’2T  £  N0*  Therefore  the  conditions  (6.14)  and  (6.15)  can  be 
replaced  by 

(6.17)  (x, u ) •  [0, 2t]  C  , 

(6.18)  (x,u )• [T, 3T]  C  U  X  K  . 
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But  the  conditions  (6.16),  (6.17)  and  (6.18)  together  are  stable  with  respect  to  small 
variations  in  (x,U)  e  NjfK)  and  £  e  [0,1].  This  proves  the  continuity  of  F.  ||| 

Since  A  is  a  connected  space,  we  obtain  as  an  immediate  consequence  of  Theorem  6.7 
that  the  homotopy  index  h ( a ( A ) )  of  the  isolated  invariant  set  o(A)  in  X  *  A  is 
independent  of  A.  In  fact,  it  depends  only  on  the  path-component  of  a ( A )  in  S  (Lemma 
6.4  together  with  Theorem  6.7).  Furthermore,  combining  Theorem  6.7  with  Proposition  6.5, 
we  obtain  that  there  is  locally  a  unique  isomorphism  between  the  connected  simple  systems 
I(o(A),X  x  A)  and  I(0(u),X  x  p).  If  A  is  connected  then  such  an  isomorphism  exists 
for  any  two  A,p  e  A.  However,  we  will  see  in  the  next  section  that  globally  this 
isomorphism  need  no  longer  be  unique. 


6.3.  GLOBAL  CONTINUATION 

We  first  point  out  that  the  global  Isolated  invariant  set  S  in  X  x  A  may  have  a 
much  richer  structure  than  the  isolated  invariant  set  0(A)  in  a  single  fiber  X  *  A. 
This  is  illustrated  by  the  following  example 


in  which  the  flow  on  T  =  X  x  A  =  r  x  s1  is  given  by  (x,A)*t  »  (xe'",!)  for  x  e  R  and 
A  e  s'.  Then  the  homotopy  index  of  o(A)  =  (0,A)  is  h(o(A))  =  E1  but 
h(S)  =  E2  v  e'.  Hence  the  global  injection  j(A)  :  N^AJ/N^fA)  ♦  N.j/Nn  cannot  be  a 


homotopy  equivalence  in  this  case.  However,  if  A  is  a  contractible  space,  one  might 


expect  that  this  global  injection  is  indeed  a  homotopy  equivalence.  We  leave  this  as  an 
open  problem. 

In  order  to  obtain  an  isomorphism  between  any  two  connected  simple  systems 
I(o(l), X  x  1)  and  I(a(u),X  x  u )  it  is  useful  to  rephrase  the  statement  of  Theorem  6.7 
as  follows. 


COROLLARY  6.8 

Let  (N1(Nq)  be  an  index  pair  for  S  in  X  x  A  and  let  K  f  *  be  a  compact, 
contractible  set  which  satisfies  the  conditions  of  Lemma  6.6  for  Tj  >  2T0  >  0.  For 
x,u  e  K  and  T  >  T-j  let  the  map  F(X,u)  =  FR  ( X  ,  p )  •  N1(u)/N(J(u)  ♦  NjUJ/NgtX)  be 
defined  by 


(6.19) 


Fk(1,u)  tx,u) 


t  (n jj(  ( x,u )  *3T)  ,X  )  »T]  ,  if  ( x , |i ) •  I0,2T)  C  , 

(’>x((x,u)Mt,3t]  )  ,x )  c  n1Vnq  , 
<*X<(X,U)«3T), »)•[(>, T]  C  , 

CNQ(X) J,  otherwise  , 


for  (x,u)  e  ( n ) .  Then  for  all  l,u,v  e  K 

(6.20)  Fk(X,i.)  o  Fk(u,v)  ~  Fx(),v)  , 

(6.21)  FkO,M  -  1  . 

In  particular,  FX<1,U)  is  a  homotopy  equivalence  with  homotopy  inverse  F^lu.X). 

Furthermore,  if  (N  ,K  )  is  another  index  pair  for  S  i_r^  X  x  A  with  respect  to 


which  K  satisfies  the  conditions  of  Lemma  6.6  and  if 


and  FK<X,li)  induce  the  same  isomorphism  between  the  connected  simple  systems 
I(0(u),X  X  U)  and  I(0(X),X  x  A). 

PROOF:  With  the  notation  of  Theorem  6.7  we  have  Fk(X,ij)  =  f^(X)  0  jK<U).  Therefore 
(6.20)  and  (6.21)  follow  from  the  fact  that  f^d)  0  jj,(A)  and  j^(  X )  o  f^fX)  are 
homotopic  to  the  respective  identity  maps  for  every  X  e  K.  The  remainder  of  the 

Corollary  is  a  consequence  of  Proposition  6.5.  |j  j 

If  A  is  a  compact,  connected  space  we  can  connect  any  two  pints  u  e  A  and  X  e  A 
by  a  finite  sequence  of  compact  sets  K  each  of  which  satisfies  the  conditions  of  Lemma 
6.6.  Any  such  sequence  induces  an  isomorphism  between  the  connected  simple  systems 
1(0(11), X  x  y)  and  I(o(  X)  ,X  x  A).  This  motivates  the  introduction  of  the  following 
subcategory  of  the  category  of  pointed  spaces  and  homotopy  classes  of  maps  associated  with 

a  continuous  function  a  :  A  ■*  S  satisfying  o  o  =  1^.  This  category  may  be 

considered  as  the  global  Conley  index  of  o  in  X  x  A  and  is  defined  by 


(6.22:1)  Ko, X, A)  =  (I0,Im> 

where 


(6.22:2) 


(6.22:3) 


Iq  =  {n1  (  X)/Nq(  X )  I  A  e  A  and  N.,(A),Nq(X)  is  an  index 
pair  for  a ( X )  in  x  x  A}  , 

Im  =  {[f)  |n1  (X)/N0(X)  e  IQ,  N^uJ/Nptp)  e  I0  and 

f  :  N1 ( u )/NQ( M )  +  N ^ ( A ) ( X )  is  a  finite  composition 
of  maps  defined  in  Lemma  4.7  and  Corollary  6.8}  . 


The  global  Conley  index  1(0, X, A)  of  a  in  X  x  A  has  to  be  well  distinguished  from  the 
Conley  index  I(S,X  x  A)  of  the  global  isolated  invariant  set  S  in  X  x  A.  If  A  is 


connected,  then  the  category  1(0, X, A)  haa  the  property  that  there  is  at  least  one 
morphism  between  any  two  objects  and  that  every  morphism  is  an  equivalence.  However, 
Ko, X, A)  is  in  general  not  a  connected  simple  system  since  there  may  be  different 
isomorphisms  between  the  same  objects.  This  is  the  case  in  the  parametrized  flow 
illustrated  in  the  diagram  below. 


Figure  7 

However,  if  A  is  simply  connected  (every  closed  arc  is  homotopic  to  a  constant  where  the 
end  points  are  fixed),  then  we  will  show  that  I(o,X,A)  is  a  connected  simple  system. 

This  result  has  first  been  stated  in  terms  of  the  cohomology  of  the  isolated  invariant 
set3  and  is  due  to  MONTGOMERY  [9] .  The  corresponding  theorem  in  CONLEY  [3]  has  been 
phrased  in  terms  of  continuation  along  arcs. 

THEOREM  6.9 

Suppose  that  A  is  simply  connected  and  let  o  :  A  ♦  5  be  a  continuous  map  with 
it  a  °  0  ■  1  Then  I(o,X,A)  is  a  connected  simple  system. 
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with  the  same  domain  and  range  is  in 


PFQQF :  We  have  to  prove  that  every  morphism  in  Im 
the  class  of  the  identity  map.  Using  the  second  part  of  Corollary  6.8  one  can  first  show 
that  every  map  f  :  N1(X)/nq(X)  +  N1(X)/NQ{X)  with  [f]  e  Im  is  homotopic  to  a  finite 
composition  of  maps  defined  by  (6.19)  and  associated  with  a  single  index  pair  (N^,Nq) 
for  S  in  X  x  A.  Hence  we  can  assume  that  there  are  finitely  many  compact  contractible 
sets  Kq,...,K^  in  A  satisfying  the  conditions  of  Lemma  6.6  and  points  X^  €  Kj-i  Kj, 
j  -  1,...,k,  XQ  =  -  X  e  Kq  (»  such  that 


Fkak+1'\'  °  Vi'VW  °  —  0  vw 


where  the  maps  Fj  =  FK  are  defined  by  (6.19).  Let  us  extend  to  a 

collection  of  compact,  contractible  sets  Kg,...,)^  which  satisfy  the  conditions  of  Lemma 

6.6  for  T  >  T-j  >  2Tg  >  0  and  are  chosen  such  that  the  sets  int  Kj  “  A\c1(A\k^)  cover 

A.  Using  (6.20)  we  can  assume  without  loss  of  generality  that  A..  e  int  Kj_j  int  Kj 

for  j  =  and  X  e  int  Kg  fi  int  Kk.  Since  the  sets  Kj  are  contractible,  there 

k 

exists  an  arc  a1  :  [0,1]  ♦  U  int  K j  such  that  0^(0)  =  0^(1)  =  XQ  and 

j=0 

A ^  a^(  j+1J  )  C  int  Kj  for  j  =  0,...,k.  Now  we  make  use  of  the  fact  that 

A  is  simply  connected  and  conclude  that  there  exists  a  continuous  family  of  arcs 
at  *  [0,1]  ♦  A,  0  <  t  <  1,  such  that  at(0)  =  ( 1 )  =  Xg  for  all  t  e  [0,1]  and 

aQ(£)  =  Aq.  with  every  arc  at  we  can  associate  a  sequence  of  maps  Fv(  j  )  ^  j+1 j  * ' 
j  =  0,...,£,  defined  by  (6.19)  and  such  that  Mj  “  0  =  <  C1  <  •••  <  Cj+1  “  1, 

and  at<  tCj  ,Cj+1l  )  <-  int  Ky(j),  j  =  0, ...,£.  Let  ft  :  N^XJ/NgU)  *  N^XJ/NptX)  denote 
the  composition  of  these  maps.  Then  it  follows  from  (6.20)  that  the  homotopy  class  of 
ft  is  independent  of  the  choice  of  the  points  and  the  indices  v(j).  This  fact 

together  with  the  continuous  dependence  of  the  condition  <*t  ([  C  j  ,5  j+ 1  ])  C  int  on 

t  shows  that  [ft]  is  independent  of  t  e  [0,1].  Finally,  it  follows  from  (6.20)  and 
(6.21)  that  fg  is  homotopic  to  the  identity  on  N.(X)/N  (X).  Ill 


6.4.  CONTINUATION  OF  ATTRACTOR-REPELLER  PAIRS 

It  is  the  purpose  of  this  section  to  combine  the  continuation  results  of  section 
6.1-3  with  the  coexact  sequence  of  section  5  associated  with  an  attractor-repeller  pair. 

In  addition  to  the  notation  and  assumptions  of  section  6.1  we  will  assume  throughout 
this  section  that  o  :  A  S  and  a  :  A  *  S  are  continuous  maps  such  that 

o  a  *  1A  and  a(X)  is  an  attractor  in  o(X).  Then  the  complementary  repeller 
a  (X)  of  a(X)  in  o ( X >  also  defines  a  continuous  function  from  A  into  S  and  the 
sets  A,  A*  defined  by  (6.2)  form  an  attractor-repeller  pair  for  the  isolated  invariant 
set  S  defined  by  (6.1)  in  X  *  A  (Lemma  6.4). 

Now  let  N0  C  N1  C_  N2  be  a  filtration  of  compact  sets  in  X  x  A  such  that 
(N2.N0)  and  (N-,,N0)  are  index  pairs  for  S  and  A,  respectively,  and  (N2,N1)  is  a 
regular  index  pair  for  A  .  Furthermore,  let  i  s  t^/Ng  ♦  **2/No  an<*  *  *  *  **2/,t*1 

be  the  natural  maps  and  let  the  connection  map  6  :  N2/N^  ♦  En^/N^  be  defined  by  (5.9) 
and  (5.6).  For  any  X  e  A  let  the  corresponding  maps  be  denoted  by 
l(X)  :  N^XI/NgU)  •»  N2(X)/N0(X),  tr(X)  :  NjdJ/Ngd)  ♦  N2  (X  >/N,,  (X ), 

6 ( X )  :  N2<X)/N1(X)  +  En^XJ/NjjIX).  Then  the  following  diagram  commutes 

N,/N0  - N2/Ng  - N2/N,  - £N,/N0 

(6.23)  |  i(X)  |  j (X )  |  k(X)  |  Ei(A) 

N1(X)/NQ(X)  iiiU  N2(X)/NQ(X)  liii*  N^Xl/N^X)  OH*  EN^U/NgU) 

where  i(X),  j(X)  and  k(X)  are  the  natural  inclusion  maps.  It  follows  from  Theorem  5.7 
and  Proposition  6.5  that  all  the  maps  in  diagram  (6.23)  induce  morphisms  of  the 
corresponding  connected  simple  systems  which  are  independent  of  the  choice  of  the  index 
filtration  Ng  (_  N1  C  N2.  Therefore  we  obtain  the  following  commuting  diagram  of 
connected  simple  systems  in  which  the  rows  are  coexact. 
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I  ( A(K)  >  *  I  (  S(K) )  I  (  A*  ( K )  >  - -  EKAIK))  — *  ••• 

(6.24)  |  i(X>  |  j ( A )  |  k ( A )  |  Zi(\) 

I  ( a(  X ) )  I  (o(  X ) )  i  ( a*  ( X  > )  Alii.  n(a(X))  — *•  •••  . 


Here  we  have  replaced  A  by  any  compact  subset  K  L  A.  If  this  set  is  contractible  and 
satisfies  the  requirements  of  Lemma  6.6  for  each  of  the  index  pairs  (N^Nq),  (^.Ng), 
(N2,Nj),  then  it  follows  from  Theorem  6.7  that  the  vertical  maps  in  diagram  (6.24)  are 
equivalences  for  every  X  e  K.  The  homotopy  inverses  of  these  equivalences  define,  of 
course,  again  morphisms  between  the  respective  connected  simple  systems  and  make  the 
(vertically  reverse)  diagram  commute.  This  implies  that  for  any  two  points  X,  p  in  the 
same  connected  component  of  A  and  any  connecting  sequence  of  compact  contractible  sets 
Kj  L  A  which  satisfy  the  conditions  of  Lemma  6.6  there  is  a  (unique)  commuting  diagram  of 
the  form 


I(a(u))  l(a(u) )  *(u)»  I  ( a*  (  p )  )  AliiU  EI(oi(U) )  - ►  ... 

(6.25)  i  F(X,p)  1  G(X,p)  1  H(X,u>  I  EF(X,|j> 

I  ( at  ( X )  >  iAAA*  I(a(X) )  AAAI*  i  ( a*  (  X  )  )  Aiil*  £i(a(A  ) )  — <•  ••• 

where  the  vertical  morphisms  are  equivalences.  Finally,  it  follows  from  Theorem  6.9  that 
the  vertical  morphisms  in  (6.25)  are  independent  of  the  choice  of  the  connecting  sequence 
Kj  if  A  is  simply  connected.  This  proves  the  following  result  (compare  KURLAND  [8)). 

THEOREM  6.10 

I  f  A  is  simply  connected,  then  the  maps  t(X)  :  X  ( at  (  X ) )  ♦  I(o(X)), 

*  * 

t(X)  :  I ( a ( A > )  +  T ( a  (X)),  6 ( X )  :  l(a  (X))  ♦  El(a(X))  of  section  5  induce  the  following 
coexact  sequence  of  connected  simple  systems 

(6.26)  I(a, X, A)  — - *  1(0, X, A)  — i  ( a*  ,  X,  A)  — — <■  l  I(a,X,A>  »  •••  . 
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7.  CONCLUSIONS 

In  this  paper  we  have  given  complete  proofs  for  most  of  the  basic  abstract  results  in 
the  index  theory  of  isolated  invariant  sets,  of  course,  there  are  many  questions  left 
open. 

One  of  them  is  to  develop  a  continuation  theorem  for  flows  on  fibrations  rather  than 

product  spaces  X  x  A.  Another  problem  is  the  relation  between  the  global  Conley  index 

Ko, X, A)  and  the  Conley  index  I(S,X  x  A)  of  the  global  isolated  invariant  set 

S  *  U  o(X)  in  the  parametrized  flow  X  «  A.  For  example,  there  is  the  question  whether 
XeA 

1(0, X, A)  is  isomorphic  to  I(S,X  *  A)  if  A  is  simply  connected. 

Several  other  questions  have  been  indicated  by  CONLEY  [3].  Among  these  there  is  the 
observation  that  information  gets  lost  by  collapsing  the  exit  set  Nq  in  the  index  pair 
(Ni,N0).  This  leads  to  the  question  whether  a  sequence  of  index  pairs  which  collaps  to 
S  gives  more  information  which  can  be  used  in  a  nice  way  for  the  definition  of  algebraic 
invariants.  Another  possible  refinement  of  the  Conley  index  might  be  to  consider  only 
special  classes  of  homotopies  since  all  the  maps  and  homotopies  in  the  theory  are  given  by 
flow  induced  maps. 

Furthermore,  there  is  a  duality  in  homotopy  theory  between  fibrations  (mapping 
fibration,  loop  functor,  exact  sequence)  and  cofibrations  (mapping  cone,  suspension 
functor,  coexact  sequence).  A  very  nice  presentation  of  these  duality  relations  can  be 
found  in  WHITEHEAD  [13] .  Since  index  pairs  only  give  rise  to  a  coexact  sequence  there 
arises  the  question  whether  there  is  some  kind  of  a  dual  concept. 

Of  course,  there  is  a  big  area  of  open  questions  when  it  comes  to  the  point  of 
applying  the  index  theory  to  obtain  results  for  concrete  differential  equations.  Despite 
the  fact  that  the  Conley  index  has  proven  to  be  a  very  useful  tool  for  many  problems, 
there  is  the  question  under  which  conditions  infinite  dimensional  systems  can  be 
formulated  in  the  framework  of  section  3.  For  some  cases  this  has  been  done,  e.g.  by 
SMOLLER  [11].  If  this  is  not  possible  then  there  arises  the  question  what  one  can  do  if 
X  is  not  locally  compact  and  T  is  only  a  semiflow.  Some  steps  in  this  direction  have 


been  taken  by  RYBAKOWSKI-ZEHNDER  [10J.  Another  possibility  might  be  to  go  to  finite 
dimensional  approximations  (see  for  example  CONLEY-ZEHNDER  [4]). 

We  stop  at  this  place  since  the  list  of  open  questions  has  no  end. 
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